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Abstract

Let T,,, , be a tadpole graph. A set S, € V(T,,,) is a hop dominating set of T, , if for all v in V — Sy, there
exists u in Sy, such that d(u, v) = 2. The minimum cardinality of a hop dominating set of G is called the hop
domination number of G and is denoted by y;, (T;, ). In this paper, we have discussed about the hop domination
number of tadpole graph.
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1. Introduction

[6] The Tadpole graph (Truszczynski 1984) or Kite graph (Kim and park 2006) is the graph obtained by joining
a cycle graph to a path graph with a bridge. It is denoted by T, ,,. The Tadpole graph T, ; is called as m-pan
graph and in particular T5 ; and T, ; are called as paw graph and Banner graph respectively. The generalised
Tadpole Graph is

Fig. 1.1
Let us denote the vertices of a Tadpole graph as two distinct sets:
(i) Refer the vertices of the cycle graph C,,, as {vy,v,, ... v, } and
(i) The Vertices of the Path graph P, as {uy, u, ... u, }
= The vertices of T, ,, are
V(Tn) = V(Cr) U V(B
= {v1, Uy, ... Uy, Uq, Uy, . Uy}

Theorem 1.1 ([11] p.546): A dominating set D of a graph G is minimal iff for each vertex v € D, one of the
following conditions satisfied,

(i) There exists a vertex u € V. — D such that N(u) N D = {v}
(i) v is an isolated vertex in D.

[3] A subset S, of V(T,,,) is a hop dominating set of T,,, ,, if for all v in V — 5, there exists u in Sy, such that
d(u,v) = 2. The minimum cardinality of a hop dominating set of G is called the hop domination number of G
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and is denoted by y, (T, ). For any vertex v € V(T,,,), the open neighbourhood of v is the set N(v) =
{u € V(Tpn)|uv € E(Trm)} and the closed neighbourhood is N[v] = N(v) U {v}. For a set Sy, € V(T,,), the
open neighbourhood of Sy, is N(S3) = Uyes, N(v) and the closed neighbourhood is N[Sp,] = N(Sp) U Sj. A set
Sp € V(T,,») is hop dominating set if N[Sy] = V(T ).

2. Diagrammatic discussion on Hop domination number of Tadpole Graph

Pan Graph (P,) Graph Yr(G)
S.No.
1 n=3, P; 2
i '-'-$ QJ
2 n=4, P, 2
r II.
A
W Y
3 n=5, Ps i 2
4 n=6, P, 3
5 n=7, P, 3
6 n=8, Py 4
7 n=9, P, 4
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8 n=10, P;, 4
Table 2.1: Pan Graph(P,)
S.No. | Tadpole Graph Graph Yr(G)
(Tpn) m=3
N
1 n=1, T3, 2
(paw graph) ‘1*2 vy DJI
1
2 =2, Ty, | /\ 2
& "3 3'1 :r"a
3 n=3, Ts3 2
hE -
'-_.I
‘ n=4, Ty, /\ 2
‘J..: '-3 1. II:';I ‘II:j -II_.
5 n=5, T5¢ 3
‘\'2 ".'.] .JI .J: '.J!_ 'J-1- .JS
6 n=6, Tz¢ 4
“"z g U‘JI P R S E]‘JE-
7 n=7, Tz, o 4
R S P e
8 n=8, Tsq 4
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9 n=9, Tzq 4
10 n=10, T3 1o 4
Uy
Table 2.2: Tadpole Graph (Tp, ), m = 3
Tadpole Graph
SNo. | (Tp,)m=4 Graph Yn(G)
1 n=1, Ty, 2
(Banner graph)

2 n=2, Ty, 2

3 n=3, Ty3 2
.\.': L.

4 n=4, T,, 3
g Yy EJ by Uy E'-':
.'.'.? e,

5 n=5, Tys 4
3 4 E”' I'-': .o E'—'s
."'2 ."‘1

6 n=6, T,e 4
"1 E": E'-' | |-': l”s ot 5“5 I"'ﬁ
.l'? W,

7 n=7, Ty, _ 4
-.'.,-l \'i u. L.'_-' J.-__ L-’l JF, IJI_-I LT-'
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8 =8, T,q 4
'1.'3 W LII LI: |.I3 u, L £ U G ul{i
B e o e
.‘“'2 I"'r1
9 n=9, Ty 4
.‘-'q 3’-; $J| U, Uz Ly IJH E”ﬁ E'-.'- g g
'l.'z W
Vq Wooo My Wpougoug Ug SUE' Su? up Uy au,,:
Table 2.3: Tadpole Graph (Tp,,), m = 4
Tadpole
S. Graph Graph Yn(G)
No | (Tppn)m=5
1 n=1, Ts, X 2
W Vo L4
2 n=2, Ts, ! 2
K“'L o] 3 :.'J:—:
7
3 n=3, Ts; 2
1l u
—o
4 n=4, Ts, 3
L' L, u
oo
Va
Yo L
5 n=5, Tss ‘ 4
Y1 s 3'*' .'*u Ly EJ.-t E"’h
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6 n=6, Tse 4
U Uy 1 U A
S
7 n=7, Ts, 4
L Uy [P Ug, [
'y T = T3 &
8 n=8, Tsg 4
9 n=9, Tso 4
1. I,
8"
10 | n=10, Ts1o | T 5
W, '-'5 cL .U'Z 'J:‘a ‘LI 1 .UE cu"' cL'-f. -LE .IJ{, QJ 0

Table 2.4: Tadpole Graph (T, ), m =5
3. Results on Hop domination number of Tadpole graph T, ,,

Theorem 3.1: For m-pan graph, the hop domination number is given by
2p iff m = 6p
Yn=4{ 2p+1 if m=6p+1
2p+2 if m=6p+r,2<r<5

Proof: Let S;, be the hop dominating set of T,, ;. The minimality of S, follows from theorem(1.1)
using the contrary of this theorem. If S} is not a minimal hop dominating set then there exists v € S,
such that S," = S, — {v} is a hop dominating set of T,, ;. Therefore for all u € N'[v] there exists
v'eue N'[v]—{v},v' € N'[v].

Case(i): If m=6p.
Let Sh = {C6k—5fc6k—4|k = 1,2, ,p} - (1)

If v = cei_s, then atleast one vertex of {p1, cin_1, Cox—3, Cex—71k = 1,2, ...,p} is not hop dominating
with any vertex in Sp,". If v = cg,_,4, then atleast one vertex of {c,,,, Cex—er Cox—z|k = 1,2, ..., p} is not
hop dominated by any vertex in S,,".Therefore, S,,' is not a hop dominating set. Hence S, is the
minimum. Since for each k, 1 < k < p, there exists cex_s, Cox—a iN ISy| = 20. Y (Trn1) =20 if m =

6p.
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Conversely, If y,(Tm1)=2p =1S4l, where S, is given by an equation (1). Hence
V- Sh = {Cﬁk—ZJ Cok—-3»Cek—6) Cok—7P1 | k = 1,2, ,p} IV - Shl = 4‘p + 1. We knOW that
V= —S,) VS, therefore [V| =4p+ 1+ 2p = 6p + 1. Hence m = 6p.

Thus y4(Tm,1) = 2p if f m = 6p.
Case(ii): If m=6p+1.
Let Sh = {C6k—5l Cok—4» Cm_zlk = 1,2, ey p}

If v = cor_s Or cgr_q, the minimality of S, follows from the above case(i) or else if v = ¢,,_,, there
is no vertex in S," hop dominating with c,,_,. Hence S,," is not a hop dominating set. Thus S, is
minimum and for each k, 1 < k < p, there existS cgy_s, Cex—s in S, and there exists cp,_, in S,
independent of k. Therefore [Sy| = 2k + 1. y4(Tm,1) =20+ 1if m = 6p + 1.

Case(iii): If m=6p+2.
Let S = {Cok-s5 Cok—ar Cm—2, Cm-3lk = 1,2, ..., p}.

If v=cgr_s Or cex_4, the minimality of S, follows from the above case(i) or else if v =
Cm—2 OT Cpy_3 there is no vertex in S, hop dominating with c,,_, or c,,_5 respectively. Hence S}, is
not a hop dominating set. Thus S, is minimal hop dominating set and for each k, 1 < k < p, there
exXists cgi—s, Cok—a inV — Sy, and there exists c¢,,_,, c,—3 in S, independent of k. Therefore |S,| =
2k + 2.

Case(iv): If m=6p+3.
Let S, = {Cex—s) Cok—10 Cm—2, Cm—3lk = 1,2, ..., p}.

If v =cgr_s OT Cor—s O Cip_p, the minimality of S, follows from the above case(i) and
case (iii) or if v =c,,_5 there is no vertex in S," hop dominating c,,_s in V —S,’. Therefore
1S, | = 2k + 2.

Case (v): If m=6p+4 and 6p+5.

Let S, ={cek-s Cex—alk =1,2,...,p}. The minimality of S, follows from case(i) and
1S, =2(2p + 1) = 2p + 2. Hence y,(Tp1) = 2p+ 2if m=6p+1,2 <1 < 5.

Let us indicate the vertices of T,,, as two sets first to refer the vertices of cycle graph C,, as
{cq,cy, ..., c;p } @nd the second to refer the vertices of path graph P, as {p;, p,, ..., pn}- SO the vertices of
T is denoted as V(Tpn) = {{c1, €2, or) Em} U {P1, D2y v, Pn}}- Let the dominating set of T, , be Sy

Theorem 3.2: When m=6p, the hop domination of a tadpole graph T, ,, is given by

2p + 2k if n=6k+r,0<r<2
Yn(Tmn) =4 20+ 2k + 1 if n=6k+3
2p+ 2k +2 if n=6k+r,r=45

Proof: Let S, be the hop dominating set of T, ,. The minimality of S; follows from theorem(3.1)
using the contrary of this theorem. If S}, is not a minimal hop dominating set then there exists v € S,
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such that S, = S, — {v} is a hop dominating set of T,, ;. Therefore for all u € N'[v] there exists
v' €u€ N'[v]—{v},v' € N'[v].

Case(i): If n=6k
Let Sy = {Ceq-2 C6q-3sPos—2:Pes—214 = 1,2, ..., mand s = 1,2, ..., p}

If v = cgq—2, then there is no vertex in S," hop dominating ceq—4 and ceq.If v = cgq-3, then there is
no vertex in S,’ hop dominating Coq—s and cgq—1.1f v = cgs_5, then there is no vertex in S, hop
dominating cgs_4 and ces.If v = c4s_3, then there is no vertex in S, hop dominating css_; and cge_s.

Thus S}," is not minimal hop dominating set. Hence Sy, is the minimal hop dominating set.
Case(ii): If n=6k+1
Let Sy = {ceq-5 Cog—4s Pes—1,Pes—219 = 1,2, ..., mand s = 1,2, ..., p}

If v = cgq-s, there is no vertex in S, hop dominating ce,-3, csq—7. In particular, If g = 1, there is no
vertex in S," hop dominating c;,_4, ¢z and p;. If v = ceq—4, there is no vertex in S,," hop dominating
Coq—2 and Ceq—6. In particular, If g = 1, there is no vertex in S," hop dominating c,, and c,. If v =
Pes—1, there is no vertex in S," hop dominating pes_3 and pegiq1. If v = pes_s, there is no vertex in S,
hop dominating pgs_4 and pes.

Thus S;,” is not minimal hop dominating set. Hence S, is the minimal hop dominating set.

Case(iii): n=6k+2
Let Sp, = {Ceq» Cog—1, Posr Pes—119 = 1,2, ..., mand s = 1,2, ..., p}

(i)If v = cgq, there is no vertex in S, hop dominating ¢4+, and ceq—». In particular, If v = c,,, there
is no vertex in S," hop dominating ¢, , ¢,,—, and p,. (i)If v = Ceq—1, there is no vertex in S, hop
dominating ceq+1 and ceq—3. In particular, If v = c,,,_4, there is no vertex in S,' hop dominating
C1,Cm—3 and py.(iii) If v = pg,, there is no vertex in S, hop dominating pgs_, and pesi,. If v =
Des—1, there is no vertex in S, hop dominating pes_3 and pgs4 1.

In the above cases (i), (ii) and (iii) for each q,1 < q < m, there exists ¢; and c;,1 in S, and for each
5,1 < s < p, there exists p; and p;,, in Sy, hence |S;| = 2p + 2k.

Thusyh(Tm'n) =2p+2kifm=6pandn=6k+r,0<r<2.
Case(iv): If n=6k+3.
Let Sh = {CGQ’ C6q+1' Pes» p6S+1|q = 0,1, v, m and s = 0,1,2, ,p}

(i): If v = ¢4, there is no vertex in S, hop dominating cs.(ii): If v = Ceq, Proof follows from (i) of
case(iii). (iii): If v = cgq44, there is no vertex in S, hop dominating Coq—1,Coq+3- (IV): If v = pgg, the
proof follows from (iii) of case(iii). (V): If v = pgeyq, , there is no vertex in S, hop dominating

Pes—1)Pes+3-
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Hence S;," is not minimum. Thus S}, is the hop dominating set and |S,,| = 2p + 2k + 1.
Thusyh(Tm'n) = 2p+ 2k + 1ifm = 6pand n = 6k + 3.

Case(v): If n=6k+4.

Let Sy = {c1, €2, Coq+1) Cog+2: Pos+1: Pes+214 = 0,1, ..., mand s = 0,1,2, ..., k}

(i): If v = ¢4, the proof follows from (i) of case(iv). (ii): If v = c,, there is no vertex in S," hop
dominating c,. (iii): If v = ceq41, the proof follows from (iii) of case(iv). (iv): If v = c444,, there is no
vertex in S, hop dominating Coq and Cegy1. (V). If v = pggyq, the proof follows from (v) of case(iv).
(Vi): If v = pgqyo, there is no vertex in S, hop dominating pgs and pgg.a.

Case(vi): If n=6k+5
Let Sy = {Ceq+2 Coq+3: Pes+2:Pes+3lq = 0,1, ..., m—land s = 0,1,2, ..., k}

(i): If v = cgq42, there is no vertex in S," hop dominating csq44 and cegq. (ii): If v = cgq43, there is no
vertex in S’ hop dominating ceg45 and cegeq. (iii): If v = pesyn, the proof follows from (iv) of
case(V). (iv): If v = pgs,3, there is no vertex in S, hop dominating pes4s, Pes+1-

In case (v) and (vi), S, is not minimum. Thus S, is the hop dominating set and
ISyl =2p+2k+2if m=6pandn=6p+r,r=4and>5.

Thusyh(Tm,n) =2p+2k+2ifm=6pandn=6p+r,r=4and>5.

Theorem 3.3: When m = 6p + 1, the hop domination of a tadpole graph, T, is given by,
(T )_{2p+2k+1ifn=6k+r, 0<r<2
Vallmn) =1 2p + 2k +2if n=6k +71,3<r<5

Proof: Let S, be the hop dominating set of T;,, ;. The minimality of S, follows from theorem(3.1)
using the contrary of this theorem. If S}, is not a minimal hop dominating set then there exists v € S,
such that S, = S, — {v} is a hop dominating set of T, . Therefore for all u € N'[v] there exists
v'eue€e N'[v]—{v},v' € N'[v].

CaSE(i): n:6k, Let Sh = {Cll C6q_2, C6q_1, p6S—3'p65—2|q = 1,2, e, P &s= 1,2, ,k}

If v = ¢y, there is no vertex in S," hop dominating c¢;. If v = Coq—2 OT Cgq—1 OT Des—3 OT Pes—2, the
proof follows from case(i) of theorem (3.3). Thus S;," is not minimal.

CaSE(ii): n=6k+1 Let Sh = {Cz, C6q_1, C6q,p6s_1, p6S—2|q = 1,2, v, P &s = 1,2, ,k}

If v = c,, there is no vertex in S," hop dominating c,. If v = Ceq OT Cgq-1, the proof follows from
case(iii) of theorem (3.3). If v = pgs_3 07 Pes—_o, the proof follows from case(ii) of theorem (3.3).

Therefore, S;," is not minimal.

Case(iii): n= 6k+2. Let Sy, = {c1, Ceq) Cog+1, Pess Pes—114 = 0,1,2, ..., p & s = 1,2, ..., k}.
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If v = ¢y 01 coq OT Coq41 OT Dgs, the proof follows from case(iv) of theorem (3.3).If v = pes_q, the
proof follows from subcase (iv) of case(iii) of theorem (3.3).

Therefore, S, is not minimal. Hence S, is hop dominating set and
ISyl =2p+2k+1ifn=6k+r0<r<2.

Case(iv): n=6k+3. Let S, = {c3, €4, Ceq-4 Coq—5Dos: Pes+119 = 2, ..., p + 1 & s =0,1,2, ..., k}.

If v =c;o0rc,, the proof follows from case(v) of theorem (3.3). If v = cgq—_4 0T 445, the proof
follows from case(iii) of theorem (3.3).1f v = pgs 07 Pes41, the proof follows from case(iv) of theorem
(3.3).

CaSG(V) n:6k+4 Let Sh = {C6q—3' C6q—4) p65+1’p65+2|q = 1,2, ,p & S = 0,1,2, ey k}

If v = cgq—3, the minimality of D follows from case(i) of theorem (3.3) or else if v = c¢q_4, it follows

from case (ii) of theorem(3.3). If v = pgeyq1 OF Pest2, the minimality of S, follows from case(iv) of
theorem(3).

Ca.SE(Vl) n:6k+5 Let Sh = {C6q—2' C6q—3: p6S+2’p65+3|q = 1,2, ,p & S = 0,1,2, ey k}

If v=ceqz 07 Ceq-3, the minimality of S, follows from case(i) of theorem(3.3). If v =
Des+2 OT Des+3, the minimality of S;, follows from case(vi) of theorem (3.3).

Hence S, is the hop dominating set and |S,| =2p + 2k +2if n=6k +1r,3 <r < 5. Thus when
B _(2p+2k+1ifn=6k+7r, 0<r <2
m£wlydnwy_bp+2k+2Un=6k+n3£r$5

Theorem 3.4: When m = 6p + 2, the hop domination of T, ,, is given

@ )_fp+2k+2 ifn=6k+r,0<r<4
Yellmn) = 12p + 2k + 3 ifn=6k+5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S;, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," =S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v' €u € N'[v]—{v},v' € N'[v].

Case (i): If n = 6k, S, = {cl,cz,c6q_1,c6q,p65_3,p6s_2 /q=12.... ,p&s=1.2,.... ,k}
Case (ii): Ifn =6k + 1, S, = {cz, €3, Coqr Coq+1: P Pes—q1 / 4 = L2 oo .. P&s=12,.... , k}
Case (iii): f n = 6k + 2,5, = {63, Car Coq+1) Coq42 Peg_ 1 Pes / 4 = L2 e e, p&s=12,.... ,k}
Case (iv): If n =6k + 3,5, = {c6q+2, Coq+3: Pggr Pesir / 4 = 0.1, woe . ,p&s=01,.... ,k}

Case (v):If n=6k + 4,5, = {c6q_3, Coqg—2'Pesi1 Posiz / 4= L2 e ,p&s=01.2,.... ,k}
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When m = 6p + 2, the minimality of S follows as the previous theorem and |Sy| = 2p + 2k + 2 if
n=6k+7r0<r<4.

Case (vi:n =6k +5,S5, = {cl, Coq—1 C6q—2-Pggpp Posiz / 4 = L2 e e ,p&s=01.2,.... ,k}

When m = 6p + 2 and n = 6k + 5, the S, is the hop dominating set as of from the previous theorems
and |Sy| = 2p + 2k + 3.

2p+2k+2 ifn=6k+1r,0<r<4

Thus when = 6p + 2 ,y4(Tyn) = {Zp +2k+3 if n =6k +5.
Theorem 3.5: When m = 6p + 3, the hop domination of T, , is given

@ )_{2p+2k+2 ifn=6k+r0<r<4
Yi\tmn) =2p + 2k + 4 if n=6k+5

Proof:

Let S, be the hop dominating set of T,,, ;. The minimality of S, follows from theorem(3.1) using the
contrary of this theorem. If S, is not a minimal hop dominating set then there exists v € S, such
that S," = S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v'eu€ N'[lv]—{v},v' € N'[v].

Case (i): If n = 6p, Sp, = {Cz, €3, Coqr Coq+1/ Pgg_3Pes_p / 4 = L2 o ... ,P&s=12,.... , k}

Case (ii): Ifn=6p + 1, Sy, = {c6q+1, Coq+2:Pgs_p Pes—1 /4 =012 ... ... ,P&s=12,.... , k}

Case (iii): fn=6p+ 2,5, = {c6q+2, Coq+3 Pgs_1Pgs / 4 = 0,12 .. ... ,p&s=1.2,.... , k}

Case (iv): Ifn=6p+ 3,5, = {ceq_3, Coq-2Pegr Pesp1 / 4= L2 . ,p&s=0]1,.... ,k}

Case (v):Ifn=6p +4,S, = {c6q_2, Cg—1'Pgsr1 Posiz / 4 = L2 e e ,p&s=012,.... , k}

Case (vi: Ifn=6p+5,5, = {cl, €2, C6q—1) Coqr Pggy2r Pess / 4 = L2 . ,p&s=012,.... , k}

When m=6p+3, the minimality of S, follows as theorem (2) & (3) and
s =nn) =y Loevs | ipnsekis

Theorem 3.6: When m = 6p + 4, the hop domination of a tadpole graph T, ,, is given by

2p+2k+2ifn=6k+r,0<r<3
Yu(Tmn) =14 2p + 2k +3 if n=6k+4
2p+ 2k + 4 ifn=6k+5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S,, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," = S, — {v} is a hop dominating set of T,,,. Therefore for all u € N’'[v] there exists
v'eue N'[v]—{v},v' € N'[v].

Case (i): If n = 6p, S}, = {c6q+1, Coq+2:Pgs_3 Pgs—n / 4= 01,2 ... ... p&s=1.2,.... , k}
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Case (ii): If n=6p + 1, S, = {C6q+2, C6q+3 Pes—pPes—1 / 4 = 01,2 .. ... p&s=12,.... , k}
Case (iii): f n=6p+ 2, S, = {cﬁq+3, CoqrarPgs_pPes /4 =012 ... ... ,p&s=1.2,.... , k}

Case (iv: Ifn=6p+3, 5, = {c6q+4, Coq+5 Pggr Pespr / 4 = 01,2 ... ... p&s=1.2,.... , k}
Case (v):Ifn=6p+4,S, = {cz, Coq-1) Coqr Pgsi1 Posiz / 4 = L2 e e ,p&s=01.2,.... , k}
Case (vi: Ifn=6p +5,5;, = {cl, €2, Coqr Coq+1s Pggy1 Posen / 4 = L2 . ,p&s=0]1,.... , k}
When m=6p+4, the minimality of S;, follows as in theorem (3.2) & (3.3) and

2p+2k+2ifn=6k+1r,0<r<3
1Shl = Yu(Tmn) =3 20 + 2k + 3 if n=6k+4
2p + 2k +4 if n==6k+5.

Theorem 3.7: When m = 6p + 5, the hop domination of T, ,, is given by

(= )_{2p+2k+2 ifn=6k+7,0<r<3
Yallmn) = 2p+2k+4 ifn=6k+r,r=4and5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S;, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," =S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v'eu€ N'[lv]—{v},v' € N'[v].

Case (i): If n = 6p, S}, = {c6q+2, Coq+3: Pes_3Pgs—n / 4 = 01,2 .. ... ,p&s=1.2,.... , k}
Case (ii): Ifn=6p + 1, Sy, = {C6q+3, Coqar Pgg_pPes—1 /4 =012 ... ... &S =12.... ,k}
Case (iii): f n=6p+ 2, S, = {c6q+4, Coq+5 Pgs_1Pes / 4 = 0,12 .. ... p&s=12.... ,k}
Case (iv: Ifn=6p+3, 5, = {c6q, Cog—1Pgg Pgsi1 /4 = L2 .. .. ,p&s=01.2.... ,k}

Case (v):Ifn=6p +4,S, = {cz, €3, Coq Cog+1s q=12.... ,p&s=012.... ,k}

Poss1 Posta /
Case (vi: Ifn=6p+5, S, = {c6q+3, Coq+arPgsip Pesiz /4 =012 ... ... ,p&s=012.... , k}

When m=6p+5, the minimality of S, follows as in theorem (2) and (3), Hence
Sl = ya (T )_{2p+2k+2 ifn=6k+r0<r<3
M= Ve\Imn) = 02p + 2k +4 if n=6k+7,r=4and5.

Theorem 3.8: For n = 2 the hop domination of a Tadpole graph T, ,, is given by

2p if m=6p
Yu(Tmz) =420 +1 ifm=6p+1
2p+2 ifm=6p+r2<r<5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S;, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," = S, — {v} is a hop dominating set of T,,,. Therefore for all u € N’'[v] there exists
v'eue N'[v]—{v},v' € N'[v].
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Case (i): m = 6p, LetS, = {cﬁq, Cog-1/q = 1,2, ... k}

(a) If v = cgq, 3 no vertex in S," hop dominating with at least one of the vertex of {cz,pz, Coq+2 ceq_z}.
(b) If v = cgq—1, 3 no vertex in Sp," hop dominating with at least one of the vertex of {cl, D1, Coq+1s c6q_3}

Thus S}, is not minimum. Hence S}, is the hop dominating set and [S,| = 2p.
Case (ii):m=6p+1, Let S, = {c3, Coqr Cogr1/ 4 = 1.2, ... k}

(a) If v = c3, 3 no vertex in S,” hop dominating c3. (b) If v = ¢44, 3 no vertex in ;' hop dominating
with at least one of the vertex of {cl,pl, Coq+2 c6q_2}. () If v=cgqs1, 3 nO vertex in S;’ hop
dominating with at least one of the vertex of {cz, D2, Ceq+3» c6q_1}.

Thus S}, is the hop dominating set and [Sy| = 2p + 1.
Case (iii): m = 6p + 2, Let S, = {ceqﬂ, Cog+2/ 4 = 0,1, ... k}.

(@) If v = cgq42, N0 vertexin § b hop dominating with at least one of the vertex of {66q+1, Coq—1 OT pl}.
(b) If v = cgq+1, In0 vertexin § b hop dominating with at least one of the vertex of {C6q, Coq+4 OT pz}

Thus S}, is the hop dominating set and [Sy| = 2p + 2
Case (iv)im = 6p + 3, Let S), = {c6q+2, Coq+3/ 4 = 0,1, ... k}

(@) If v = cq42, I nO vertex in § » hop dominating with at least one of the vertex of {c6q,06q+4,p1}.
(D)If v = cgq43, ANO vertex in § » hop dominating with at least one of the vertex of {C6q—1' Coq+5» pz}.

Thus Sy, is the hop dominating set and |S,| = 2p + 2
Case (v):m =6p + 4, Let S}, = {c6q+3, Coq+al 4 = 0,1, ... k}

(@) If v = cq43, I nO vertex in § » hop dominating with at least one of the vertex of {Céq—lr c6q+5,p1}.
(b) If v = cgg+4, 30 vertex in D’ hop dominating with at least one of the vertex of {ceq_z, Coq+6» pz}.

Thus Sy, is the hop dominating set and |S| = 2p + 2.

C6q+5

Case (vi):m = 6p + 5, Let S, = {c6q+4,—q =0,1,.. k}

(@) If v = cgq44, A N0 vertex in § W hop dominating with at least one of the vertex of {C6q_2, Coq+6» pl}.
(b) If v = cq45, I N0 vertexin S n hop dominating with at least one of the vertex of {C6q_3, Coq+7» pz}.

Thus S}, is the hop dominating set and |S,,| = 2p + 2

2p if m=6p
Thus, yh(Tm’z) =<{2p+1 ifm=6p+1
2p+2 ifm=6p+r,2<r<5

Theorem 3.9: For n = 3, the hop domination of a Tadpole graph T, ,, is given by
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(r )_{2p+1 if m=6p
Yellm3) = 2p + 2if m=6p+7,1<r<5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S,, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," =S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v'eu€ N'[lv]—{v},v' € N'[v].

Case (i): m = 6p, Let §;, = {c6q, Ceq+1 P,/ 4 =012, ... k}

(@) If v=rcgq 3 no vertex in S, hop dominating with atleast one of the vertices such as of
{cz, Coq+21 Coq—2. pz}. (b) If v = cgq41, I N0 vertexin § » hop dominating with atleast one of the vertices

such as of {c6q_3 and c6q_1}. (c) If v = p3, 3 no vertex in S}, hop dominating with at least one of the
vertices such as of {c¢;, c;,—1 and ps}

Thus S}, is the minimal hop dominating set and |Sy| = 2p + 1
Case (ii):m =6p + 1, Let S, = {cﬁq, Coq+1 P,/ q =02, ... k}

(@) If v=ceq41, 3 nO vertex in S hop dominating with at least one of the vertex such as of
{C6q_1, Coq+1+C2s pz}. (b) If v = cq42, N0 vertexin § B hop dominating with atleast one of the vertices
such as of {c6q and C6q+4]. (c) If v = py, 3 no vertex in S, hop dominating with atleast one of the
vertices such as of {c;, c;,—1 and ps}

Thus S}, is the minimal hop dominating set and |D| = 2p + 2
Case (iii): m = 6p + 2, Let S, = {c6q+2, Cog+3P1/ 4 = 0,12, ... k}
Case (iv):m = 6p + 3, Let §p, = {c6q+3, CoqraPy/ q =012, ... k}
Case (v):m =6p + 4, Let S), = {c6q+4, Coq+5: P,/ q = 0,12, k}
Case (vi):m = 6p + 5, Let S, = {c6q, Coq+1 P,/ q =012, ... k}

The Proof of case (iii) to (vi) follows same as previous cases. Thus S, is the minimal hop-dominating
setand |Sy| = 2p + 2

2p+1 if m=6p
2p+2ifm=6p+r,1<r<5

Thus forn = 3, y, (Tmlg) = {
Theorem 3.10: For n = 4, the hop domination of a Tadpole graph T, , is given by

2p+2 ifm=6p+1r0<r<3
Yn(Tma) =420 +3 ifm=6p+4
2p+4 ifm=6p+5

Proof: Let S, be the hop dominating set of T, ;. The minimality of S,, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
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that S," =S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v' €u€ N'[v]—{v},v' € N'[v].

Case (i): m = 6p, Let Sy, = {c6q+1, Coq+2:PpPy/ 4 =01, ..k — 1}

(a) If v = cgq+41, 3 10 vertex in S, hop dominating {ce,—1 and cggq43}. (b) If v = cg442, 3 N0 vertex in Sy’
hop dominating {c6q and C6q+4}- (c) If v = py, 3 no vertex in S}’ hop dominating with {ps}. (d) If v =
p,, 3 no vertex in S, hop dominating with {p,}

Thus S}, is the minimal hop dominating set and |S| = 2k + 2

Case (ii):m =6p + 1, Let S, = {c6q+4, Coq+5: PP,/ =101, ..k — 1}
The Proof is similar to case (i) and |[D| = 2p + 2

Case (iii): m = 6p + 2, Let S, = {ceq+3, Coqrar PP,/ @ =0,1,2, ...k — 1}
The Proof is similar to case (i) and |Sp| = 2p + 2

Case (iv:m =6p + 3, Let Sp, = {c6q+4, Coq+5: PP/ 4 =012, ..k — 1}
The Proof is similar to case (i) and |S,| = 2p + 2

Case (v):m =6p +4, Let Sy, = {cz, Coq—1> Coq P Py/ 4 = 12, ... k}

(a) If v = ¢, 3 no vertex in S}, hop dominating {c,}. (b) If v = Ceq—1, I NO vertexin § 1 hop dominating

{C6q_3 and 06q+1}. (c) If v = ¢4, A0 vertex in Sy’ hop dominating {c6q_2 and c6q+2}. (d)Ifv=p;,3Ino

vertex in Sj," hop dominating with {ps}. () If v = p,, 3 no vertex in S, hop dominating with {p,}
Thus S}, is the minimal hop dominating set and |Sy| = 2p + 3

Case (vi:m = 6p + 5, Let §p, = {Cz, €3, Coqr Cog+1, P P,/ 4 = 1,2, ... k}

(@) If v = ¢, 3 no vertex in S hop dominating {c,}. (b) If v = ¢35, 3 no vertexin S b hop dominating
{cs}. (¢) If v = c4q, IO Vertex in Sy’ hop dominating {c6q_2 and c6q+2}. (d) If v = cgq+1, 3 no vertex in
Sy’ hop dominating {qu—1 and C6q+3}. (e) If v = py, 3 no vertex in S}’ hop dominating with {p;}. (f) If
v = p,, Ano vertex in S, hop dominating with {p,}

Thus Sy, is the minimal hop dominating set and |S,| = 2p + 4

2p+2 ifm=6p+r,0<r<3
Hence whenn = 4, y;,(Ty4) =4 20 + 3 ifm=6p+4
2p+4 ifm=6p+5

Theorem 3.11: For n = 5, the hop domination of a Tadpole graph T, ,, is given by

2p+2 ifm=6p+rr=01
Yn(Tma) =42p+3 if m=6p+2
2p+5 ifm=6p+1r,3<r<5
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Proof: Let S, be the hop dominating set of T, ;. The minimality of S,, follows from theorem(3.1) using
the contrary of this theorem. If S;, is not a minimal hop dominating set then there exists v € S, such
that S," = S, — {v} is a hop dominating set of T, ,. Therefore for all u € N’'[v] there exists
v'eu€ N'[lv]—{v},v' € N'[v].

Case (i): If m = 6p, Let Sy, = {c6q+2, Coq+3PpP3/q =01, ..k — 1}
Case (ii): If m=6p + 1, Let Sy, = {c6q+3, CoqrarPp D3/ q =012, ..k — 1}
Case (iii): If m = 6p + 2, Let Sy, = {c6q+4, Coq+5:Pp D3/ q =012, ..k — 1}
Case (iv): Ifm=6p + 3, Let Sy, = {c3, Coq—1, Coqp Py P53 / 4 =12, ... k}
Case (v): If m = 6p + 4, Let Sy, = {cz, €3,Coqr Coq1, P P53/ 4 = 1,2, ... k}

Case (vi): If m = 6p + 5, Let S = {c6q+1, Coqr2:PpP3/q=0,1,... k}. The proof follows as the
previous theorem.

Theorem 3.12: 4, (Trn) = Ya(Tum) iff m =n.

Proof: Let m = n, then Ty, ,, and T, ,, are same graphs. Hence y,(Tynn) = ¥n(Tm). On the other
hand, assume ¥4 (Tmn) = Ya(Tom), Suppose if m = n, then by theorems(-- ) yn(Trnn) # ¥n(Tm)-
Thus )/h(Tm,n) = yh(Tn,m) iff m=n.

Corollary:y,(Trnn) = ¥n(Tum) = m—1(or) n— 1iff m =n,wherem = n = 3,4,5.and
yh(Tm,n) = yh(Tn,m) <m-—1(or)n—1iff m =n,wherem =n = 6.

Proof:
S.No. | Tadpole Graph | Graph Yr(G)
(Tmn)m=n
1 m=n=3, Ts; 2 or (n-1)
2 m=n=4, T, , 3or(n-1)
vz
Y., W
3 m=n=5, Ty ‘ 4 or (n-1)
Y4 e c'* .'*y .l‘lii c".-t _DLH
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4 m=n=6, Ty ¢ 4 or <(n-1)

From the table we get y,(Tn) = Ya(Tum) = m — 1 (or) n— 1iff m =n, where

m=n=3,45 And y,(Tpn) = ¥n(Tum) Sm—1(or) n—1iff m =n,wherem =n = 6.

4. Conclusion: In this paper, we have found the hop domination number of Tadpole graph and derived

some theorems on it.
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