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Abstract

A Semiring R With identity is Called “clean semiring” if for every element r € R, there exist an
idempotent ‘e’ and ‘@’ unit | in R such that r =i + e. Let C(R) denote the center of a semiring R
and f(x) be a polynomial in C(R) [x]. An element a€ R iscalled 7 (x ) — clean “ if a=u+s where
‘f(s)=0 and ‘u’ is a unit of R and R is f(x) —clean if where every element is f(x) —clean. In this paper
we define a semiring to be a weakly f(x)-clean if each element of R can be written as either the sum
or difference of a unit and a root of g(x).

Keywords :- Clean semiring, Weakly f(x) clean semiring, Strongly clean semiring.
1. Introduction

Throughout this paper, R is an associative semiring with identity . A semiring R is called
clean semiring if for every element a € R , there exist an idempotent ‘e’ and ‘a’ unit | in R such that
r = i+e and R is called strongly clean semiring if in addition, eu = ue. Let C(R) denote the center of
a semiring R and f(x) be a polynomial in C (R)[x]. Following camillo and simon , an element r e R
is called f(x) — clean if r = x + s where f(s)= 0 and u is a unit of R and R is f(x)- clean if every
element in R is f(x) — clean . It is clear that the (x> -x) — clean semirings are precisely the clean
semirings.

Definition 2.1: A semiring R is called clean semiring if for every ae R there exist an idempotent °
¢’and a unituinRsuchthat a=e+u.

Definition 2.2: A semiring R is called strongly clean if for every aeR there exist an idempotent ‘e’
and aunituin R such that a =e + u and eu =ue.

Definition 2.3: Let f(x) be a fixed polynomial in C(R)[x]. An element r €R is called weakly f(x)-
clean semiring ifr=u+sorr=u-s where g(s) =0 and u eU( R). We say that R is weakly f(x)-
clean semiring if every element is weakly f(x)- clean semirng.

Proposition 2.4: Let g: R— S be a semiring epimorphism. If R is weakly f(x)-clean then S is weakly
f(x)-clean.

Proof: Let f(x) be a n™ degree polynomial.

f(X) = ag+ax+ax?+ ... a,x™ € C(R)[x]. Then g(f(x)) = g( ao+ a;x + ayx?+
............ a,x™) € C(s)[x]. As s € Sthereexist ue U(R) and s, € R suchthatr =u + so and f(
S0)=0.ThenS=g(r)=g(u £ s0) =g(u) £9g(so); g (u) €U(S).

But g'(£(9(s0))) = 9(ao) + g(a)g(so) + - g(a™g(sy).
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=g (f (s0))
=g(0)
=0.
We have S is weakly g'(f(x)) — clean.Therefore S is weakly g (f(x))- clean semiring.

Proposition 2.5: Let f(x) € Z(x) and {R;}i € I be a family of semirings .Then m;¢; R; is weakly f(x)-
clean semiring if and only if for all i € I, R; is weakly f(x)- clean semiring.

Proof: Let us define a mapping n; : mi; R; = R; by mj(a;)i €1) = a;Vj € 1. m; is a smiring
epimorphism for every i € I, each R; is a weakly f(x)- clean semiring.

For the converse, Let x = {x;}i €I € R = m;g/R;. In Ryy, We can write, x; = u;p + S;0 OF Xx; =
Ui — Sip Where u;o € U(R;o) and g(s;0)=0. If x;o = u;o + sjo fori # ip, Let x; = u; + s; where
u; € U(R;), g(s))=0while if x;0 = ujg—s fori # i,. Let x; = u; —s; where u; €
U(R:), 9(s)=0.

Thenu = {y;}i € land g(s) ={s;}i €I

= ao{l}ier+ ar{sitier + -ooeeen +an{si’ }ier
= {aolier+ {assidier + oo +{ans{" Yier
= {ag+ a1S;+ ......... +ans{ Yier-

= {f (s} € 1.

=0.

That is m;¢; R; is wealy f(x) — clean semiring.
Theorem 2.6: Let R be a semiring f(x)€ C(R)[x] and n € N.Then R is weakly f(x)- clean if and
only if the upper triangular matrix semiringT,,( R) is weakly f(x) —clean.

Proof: Let R be a weakly f(x)-clean and A = ( a;;) € T,,(R) with a;; = 0 for i < j < n. Since R
is weakly f(x)- clean for any 1 < i < n. Then there exist s;; € Rand u;; € U(R). Such that a;; =
Ui + Sii with g(sii): 0. So we have.

& 4y - 8y, Uy £Sy B e &,
A 0 a, .. a,| _ 0 Uy Sy  covreien a,,
0 0 ... A, 0 0 Uy £S00

InR forany 0 < i < n,We can write a;; = u;; + s;;0r a;; = u;; — s;;where u;; € U(R), g(s;;)=0. If
a; = uy + sifor j # i. Let a;; = u;; +s;; where w;; € U(R), g(s;;)= 0. While if a; = u; —
s; forj # i. Leta;; = u;; —s;; where u;; € U(R), g(sj;)= 0. Then by the elementary row and
column operations we can see that
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a12
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0 0
S 0
: )= al, +as+a,s* +......+a,s"
0 ... Son
0 0 as, O
a, 0 N 0 a,S,,
0 ... a, 0 0o ...
0 0 |
amszzm 0
o . a,Sm |
0 0 |
S 0
g(_zz) > |0
0o .. a(sm) |

So, T, (R) is weakly f(x) — clean .

Now let T, (R) be weakly f(x)- clean.

Define 6 : Tn(R) >R by 6(A ) = a1
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a, a, . &,
Where A= a_22 " %) Thengisa semiring epimorphsm . For any a€ R, let B be the
0 O ..... a,,
diagonal matrix diag(ai, az, ........ ann). Then a=06(B) = 6(U£S) = 8(U) = 6(S) where U € GLn(R)
and
9(0(S)=20+310(S)F - vveeereeereeen, + an(S")
=0 (Bo)+0(B1)O(S)+.cvveenn... +0(Bn) 0(S")
=0 (BotB1S+......ooia +BnS")
=0 (aoln+(a1ln)S+.............. +(anln)S")
=0(g(S))

=0
Thus a is weakly f(x)- clean i.e R is a weakly f(x) —clean semiring.

Preposition 2.7: Let R be a semiring and g(x) € C(R)[x].Then the formal power series . Semiring
R[[t]] is weakly f(x) —clean semiring if and only if R is weakly f(x)- clean.

Proof: Let R be weakly f(x)- clean and g=Y;>, a;t' € R[[t]]. Since R is weakly f(x)-clean ao=u*s
for some s€ R, u€ U(R) and g(S) =0. Thenf=(u+ ), at)+S, u+ 3 ait' € UR[[t]]. So
g is weakly f(x) —clean i.e. R[t] be weakly f(x) —clean.For the converse, let R[[t]] be weakly f(x) —
clean. Since 0:R[[t]] = R with 0(f) = ao is a semiring epimorphism. Where g = Zm a.t' € R[[t]]. R
is weakly f(x)- clean semiring.

Remark 2.8: Generally, the polynomial semiring R[t] is not weakly f(x)- Clean semiring for non-
zero polynomial f(x) € C(R)[x]. For example , Let R be a commutative semiring and also let f(x)=x.
We show that t is not weakly f(x)- clean. If t = u & s then it must be that S=0 and so t = u. clearly t ¢
U(R[U]). Therefore R [t] is not weakly.

Theorem 2.9: Let R be a commutative semiring , M an R-module and g(x)= Z?zo a;x' € R[x]. IfR

is a weakly f(x) —clean semiring, then the idealization R(M) of R and M is weakly f(x) — clean
semiring.

Proof: Let (r,m) € R(M). Since R is a weakly f(x)- clean semiring, we have r=uxs where u € U(R)
and g(s)=0.So (r,m)=(us, m)=(u,m)=(s,0).we have
(um)(u™ !, —u tmuH=(uu"t, u(—u " tmuH)+mu~1)=(1,0).

Therefore (u,m)e U(R(M)).Also we have g((s,0))= ay(1,0)+a,(s,0)+............... +)+ay,(s,0)"
= ay(1,0)+a,(s,0)+....o.co..... +H)+a,(s", 0)
=(ag,0)+(ay8,0)t..c.cenennnnn. +)ta,(s", 0)
=(aptaysteccninnnn..... ++a,s",0)
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=(9(s)), 0)

=(0,0)
Thus (r, m) is weakly f(x) —clean and so R(M) is a weakly f(x)- clean semiring.
3. Weakly (x"-x)- Clean semirings.
In this section we consider the weakly ( x™ —x)-clean semirings.

Theorem 3.1: Let R be a semiring, n€ N and a,b € R. Then R is weakly (ax?® — bx)-clean if and
only if R is weakly (ax?® + bx)-clean.

Proof: Suppose R is weakly (ax?® — bx) — clean semiring. Then for any r € R, -r = u+s where
(as®™ — bs)=0 and u € U(R). So r=(-u)%(-s) where (-u)e U(R) and a(—s)™" +b(-s) =0.Hence r
is weakly (ax’™ + bx)-cleansemiring. Therefore, R is weakly C(ax’® + bx)-cleansemiring.
Now suppose R is weakly ( ax’® + bx)-clean. Letr € R. Then there exist s and u such that -r =
uts, as® +bs =0andu € U(R).So 1 = (—u) + —(s) satisfies as’™® — bs = 0.

Hence, R is weakly (ax’™ — bx)-clean semiring.

Proposition 3.2: Let R be a weakly (x" —x) —clean semiring where n>2 and a€ R.Then either (i)
a=u+v where ue U(R) and v™!=1 (ii) both aR and Ra contain nontrivial idempotents.

Proof: Since R is weakly (x" —x)—clean semiring, write a=u+e where ue U(R) and e"=e. Then
ae"l=ue"+e. So a(l-e"')=u(l—e"").Sincea(l—e"") is an idempotent. u(l—e"") = fw
where 1 € U(R) and f°=fe [1.So f =a(l—e"")w' caR.

Suppose (i) does not hold. Then (1—e"')#0, hence f =0. Thus aR contains a nontrivial
idempotent. Similarly, Ra contains a nontrivial idempotent.

Definition 3.3: An element re [J is called weakly n-clean if r=u, +u, +.....+u, £ewith

e’ =eeRand u, eU(R) forl<i<nand R is called weakly n-clean if every element of R is weakly
n-clean semiring.

Definition 3.4: An element a€e [ is called right n- regular if it satisfies the following equivalent
conditions.

I. a" € a""'R for some integer n>1;
ii. a"R = a""'R for some integer n>1;
iii. The chain aR 2a’R o...terminates. The left n-regular elements are defined

analogously. An element a€ R is called strongly n-regular if it is both left and right -
regularand R is called strongly n-regular if every element is strongly n-regular.

Proposition 3.5: Let n €N, if the ring R is weakly (x" —x)—clean semiring, then R is weakly 2-
clean semiring.

Proof: Let re R.Then r = ut(l for some t" =t € Rand u € U(R). Since t is a strongly n-regular
element and strongly n-regular elements are strongly clean semirings, t =v + e for some e’ =eeR
and u € U(R). Thenr =u x v e isweakly 2-clean semiring. Hence R is weakly-2 clean semiring.
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