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Abstract

1 A novel half-discrete kernel function in the entire plane is defined in this work by the addition of a few
parameters, and it takes into account both the homogeneous and non-homogeneous instances. A novel
half-discrete Hilbert-type inequality with the new kernel function and its equivalent Hardy-type inequalities
are established by using some actual analysis approaches, particularly the manner of the weight function.
Furthermore, it is demonstrated that the constant factors of the recently discovered inequalities are
optimal. Finally, novel half-discrete Hilbert-type inequalities with unique kernels are introduced at the

conclusion of the work by giving particular values to the parameters.
Key terms and phrases: homogeneous kernel; non-homogeneous kernel; half-discrete; Hilbert-type inequality;
Hardy-type inequality.

2 Introduction

Suppose that p > 1, © is a measurable set, and f(x), u(x) are two
non-negative measurable functions defined on ©. Define

( f 1/p )
Louw(®) = f:llfllpu:=  POUXDX < oo
e
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Specially, if u(x) = 1, then we have the abbreviations: ||f]|, := [|fl|pu and
Lp(©) := Lp,u(O).

In addition, let p>1, an,vn >0, n € N S Z, a = {an}nen. Define

- = !1/p -
lov =" a:|allpy = GVn <o
nen
Specially, if vi = 1, then we have the abbreviations: ||all, := ||all,v, and

Ip = Ip,v.

Consider two real-valued sequences: @ = {am}m=1 € l, and b = {bn}i1 €
>, then

(1.1) == amp _ja)| Ioll,

n=1m=1M -+ n 2

where the constant factor it is the best possible. Inequality (1.1) was pro-
posed by D. Hilbert in his lectures on integral equations in 1908, and Schur
established the intefral analogy of (1.1) in 1911, that is,

7 % fx)agly)

1.2 —_—
(1.2) oy T xty dxdy < rllfll2llgll2

where f, g € L2(R*), and the constant factor it is also the best possible.
Inequalities (1.1) and (1.2) are commonly named as Hilbert inequality [1].

In recent decades, especially after the 1990s, a great many extended forms
of (1.1) and (1.2) were established, such as the following one provided by
M. Krni¢ and J. Pecari¢ [2]:

== 4 A

1.3 — M1 —eB  _ _
(1.3) (m + n)? 2° 2

>

lallou|b] gw

n=1m=1

where 0<A <4, p>12+2 =1, un =mPl-¥2-1 vy, = nd@-A2-1 gnd
B(u, v) is the Beta function [3].
Moreover, Yang [4] established the following extension of (1.2), that is,

* 7 % fx)agly) T

1.4 ———dxdy <
(L4) S < e gl
where 8,y,A >0, 8 +y =1, u(x) = xP0t-26)-1 and v(x) = x91--1,

With regard to some other extensions of inequalities (1.1) and (1.2), we
refer to [5$11]. Such inequalities as (1.3) and (1.4) are commonly known as
Hilbert-type inequality. It should be pointed out that, by introducing new
kernel functions, and considering the coefficient refinement, reverse form,
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multi-dimensional extension, a large number of Hilbert-type inequalities
were established in the past 20 years (see [12523]).
It should also be pointed out that the kernel function in inequalities (1.1)

and (1.2) are homogeneous [11,12], and there exists another form of (1.1)
with a non—homogePeoqu kernel function [12], that is,

= f(x)aly)

1.5 _ .
(1.5) o 1exy dxdy < rtllfll2llgll2

The discrete form of (1.5) can also be established, but its constant factor
can not be proved to be the best possible (see [12], p. 315). In 2005, Yang
provided a half-discrete form of (1.5) and proved that constant factor is the
best possible, that is [24],

(1.6) I o9 = —"—ax <nlfll lall,
2

+
0 n=1 1 nx

With regard to some other half-discrete inequalities with homogeneous and
non-homogeneous kernels, we refer to [23,25$32].

The main objective of this work is to establish a new class of half-discrete
Hilbert- type inequalities defined in the whole plane with the kernel func-

tions involving both the homogeneous and non-homogeneous cases, such as
the following two:

J. 00 Z (o 2 3
(1.7) oS —dx< 2 alew
o nez0 1+ (XI’I)B + (Xn)ZB 36\/ P, q,
I >
0 a, 4+ 3
(1.8) _Oof(X) = (er Lo dx < T”f”p,ﬁ llalleo:
neZ

where pu(x) = |xP1-6)-1 vy, = |nP-6)-1 fi(x) = |x|P1-36/2-1 and §, =
ore ), = PUO v = in a0 100 = , and o
[n| )

More generally, a new kernel function with multiple parameters, which uni-
fies some homogeneous and non-homogeneous cases is constructed, and then
a half-discrete Hilbert-type inequality and its equivalent forms defined in the
whole plane are established. The paper is organized as follows: detailed lem-
mas will be presented in Section 2, and main results and some corollaries
will be presented in Section 3 and Section 4, respectively.

3 some lemmas

Lemma 2.1. Let 6 € {1, —1}, and
2i+1

Q:= t:t=—7-—ij€”
2j+1/II.I
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Suppose that a € (0,1), 6,y € R* N Q, and a, 8,y satisfy 8 < y and
a+ 8 < 1. Define

1 678

1— 62’

where 7/=1 for § =1, and 7/= —1 for 6§ = —1. Let K(1) := § for 6 =1,
and K(—1) := 8, for § = —1. Then

(2.1) K(z) :=

(2.2) Glz) = K(2) |z|

decreases monotonically on R*, and increases monotonically on R—.

Proof. We first consider the case where § =1, and z € (0, 1) U (1, o), then
we have

dK

(2.3) g =(1_2zV)"2zr-1H(2),
z
where
(2.4) H(z) = (8 — y)z8 — 828~V +y.
It can easily get that
dH

(2.5) 4 = 86— p)z6-1 — B8(8 — y)f—r-1 = B8(8 — y)z8-v-1(z — 1).

Therefore, we have d"'z—H >0 forz € (0,1), and gzﬂ <0 for z € (1, ). It fol-
lows that H(z) < H(1) = 0. By (2.3), we get % < 0 for z € (0, 1) U (1, ),
and therefore K(z) decreases monotonically on R* for 6§ = 1. SinceO<a <

1, it can also be obtained that G(z) = K(z)z*~! decreases monotonically
on R* for 6 = 1.

Second, consider the case of 6= 1, and z € (—00, 0). Setting z = —u,
u € (0, ), and observing that 8,y € R* N Q, we obtain
1 8 o, 1+ ub
(2.6) Glz) = ; _—zv |Z|a = To o uel = [(u).
In view of that 0<a <1, and o+ 68 <1, we get
dL
(2.7) o= w21+ u)2 (1 —a— B)uf

+(l—a—8+pus+(1—a+yu+1—a <O

It implies that L(u) decreases monotonically with u (u € R*), and therefore
G(z) increases monotonically with z (z € R™).

Lemma 2.1 is proved for 6 = 1. Additionally, in view of 8,y € R* N Q, it
follows from the above discussions that Lemma 2.1 holds obviously for the

case where § = —1. O
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Lemma 2.2.Llet 6§ € {1, —1}, and
2i+1
Q:= t:t= ,LjEe”Z
2j+1

Suppose that a € (0,1), 8,y € R* N Q, and a, 8,y satisfy a+ 8 < y. Let
®D(z) = cotz, and K(z) be defined by (2.1). Then

I'e n an (x+8 +y)t
(2.8) K(z) zp-tdz=—- ©0© — _—9¢
— 1% 2y 2y
Proof. Consider the case where 6§ = 1. Observing that 6,y € R* N Q, we
get

(2.9)

K(z) |z|*" " dz = J'e 1—2827%1dz + 1+2° e 7
—00 Jo 1-—-z o 1+2z
1 8
_ 12 g, e 6 on
= z z 1=2 14z
fo 1-2 . 1-2z
1 8
1+~2 © 9 4 /8
+ z%-1dz + 1+2 227147
o 1+2zV . 1+2zv
f lza 1 za+671 -f 1 Zv—a 8-1 zyfafl
= dz + dz
J-u 1—-2 J~U 1 -2z
1 zafl +za+671 1 zyfozfﬁfl +zyfa71 dz
+ —1 7 dz + i 42
b4
0 | .
1 zafl _ ZZVfafl Z)/—0(—6—1 _ Z01+6+y—1
=2 dz +
0 1-—2z% 0 1 — 7z dz
= 2(_/1 +J2).

Expanding 1=%3 (z € (0, 1)) into a power series, and using Lebesgue term-

by-term integration theorem, we get

[
(2.10) J1 = = zZyj+a—1 _ zZyj+2y—a—1 dz
0 j=0
=1
= Fira—1 _ S2yje2y—a-1 (4,
j=0 0
= 1 1

j=0 2yj+a  2j+2y—a
Observing that ®(z) = cotz (0 < z < m) can be written as the following
rational fraction expansion [3]:

> 1
1 +

z+jt z—jn

4

1
CD(Z) = E +
J=1
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we get

(2.11) " #
> 1 1

art 2)/ +

o — = -l-+
2y a

=1 2¥j+a a—2y

r
> >
=_ylim ;+ !
Tneo . 2Vi+a
Jj=0

y

=

o1 - 2yj

= __ lim # - ;
Tn-co olV/*ta 2yj+2y—a
2y 1 > 1 1
= —_|lim —— =~ S
JT n—oo 2yn+2y—0{ j=0 2yj+Ol_

2y = 1

2yj+2y —a

o 2ta 2+2y—a
Combining (2.10) and (2.11), we get
m an
(2.12) Ji= 27(]) 2_)/
Similarly, we have

(2.13) Jp = — E(D (a+6+y)
2y 2y

Plugging (2.12) and (2.13) into (2.9), we arrive at (2.8) for 6 = 1. Ad-

ditionally, if 6 = —1, then it is obvious that (2.9) is still valid owing to

6,y € R* N Q, and it follows therefore that (2.8) holds for the case where

6 = —1. Lemma 2.2 is proved. O

Lemma 2.3. Let 6 € {1, —1}, and
2i+1 .
Q= tit=_ ,I,_[EZ
2j+1

Suppose that a € (0,1), T € Q, k€ (0,1] N Q, 6,y € R*NQ, and a, 6,y

satisfy 8 <y and a + 8 < min{l,y}. Assume that p > 1, 1 +1 =1,

Z% :=Z\ {0}, and K(z) is defined by (2.1). For a sufficiently large positive
integer I, set

> 5 >

& :={8n}nezo ;= |n|™ 7 ,
nez0
C 2
ar—1+
~ /
fog= xes
x€ER\S
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where S :={x: |x|®"" < 1}. Then

J o I

. = . © =
(2.14) J := an K (x*n*) f (x)dx = f (x) dnK (xTn¥) dx
nez0 - o nez0
ez f 1 , J. (SYA 1 ,
>-— K(z) |z|* " erdz + K(z) 2| @dz .
Ly R\[-1,1]
Proof. Write
L = I . =
J = f () 0nK (X*n®) dx + f (x) 0nK (X*n*) dx
XES™ nez+ XES™ nez-
I = I . =
+ f () Gn K (xX*n®) dx + f () 0nK (X*n¥) dx
xest nez+ xeSst nez-

= J1 +J2 +J3 +./4,

where St :={x : x€SNR}LS ={x:xeSNRL

If x € S—, n € Z*, then we have x' n“ < 0. By Lemma 2.1, it can be
proved that G (x"n*) decreases with n (n € Z*). Additionally, in views of
k € (0,1]NQ, it can also be proved that |n|K717‘7;F decreases with n (n € Z*).
It follows therefore that

~ _ _1_ 2k
dnK (x'n<) = |x|"*"* G (x'n<) |n|“ 1@

decreases with n (n € Z*) for a fixed x (x € S—), and it implies that
f .[ 0 K ak—1— 2« L
J, > |X|ar—1+2_prl K (xTy*) |y| , dydx := Pl,
XES™ 1

Similarly, it can be obtained that

J‘ J. -1 Ty K ax—1— 2« .
J, > x ar—1+2_prl K (xTy*) |y B dydx := PZ,
JX657 ar—1+2 J_°° ak—1— 2«
J3 > . x| ol K (xTy*) |y o dydx := Ps3,
J‘XES J-l .
- 2k
Ja > |X|ar—1+%fl K(XI'yK) |y|m<—1— ol dde .= Py,

xest — 00

If t <0, thatis, Tt € QNR—, thenS~— =SNR~ = 1(—100, —1)._1_et xXTyk =
z, and observe that x « = — x| < (x<O0)and z« = |z]« (z<0),
then we have

2t
(2.15) P = | X|"“‘1+ pl K (xTy¥) | ylaK_l_z_‘”dydx
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J‘ -1 f xT
_1 -1+2 a-1- 2
I P K(z) |z|~ = o dzdx
1 J o ~1+2e I o a—1-2
Tk X K2)lz| v dzdx
-1 T
1 -1+ . a-1- 2
txo L T K(2) 77 @ dzdx
0 -1
/ [ 12
= a—1=
2 [tk - K(z) || a dz
1 f - —1+2% f x a-1-2
* x| K(z) |z|” ~ @ dzdx.
o -

It follows from Fubini’s theorem that

f -1 5 J‘ xT 1 2
(2.16) T K(z) |1z|* " «dzdx
f 0 - f z1/7 5
= K@) |z|* @ X| " 7 dxdz
-1 — 00
/ [ 0 2
=—  K(2) )" e dz
2[t]
Plugging (2.16) back into (2.15), we obtain
[ I
_ / a—1— 2 a-1+ 2
P1 = K(z) | adz+ K(z) 2| e dz .
2 | e -1
Similarly, it can be obtained that P4 = P1, and
.[ 0 f 1
/ a—1- 2 a-1+ 2
Pa=Pi= —— K@) |z|“ 7 wdz+  K(z) |2| T edz
2 |tk| 1 0
It implies that
J >P1+Py+P3+Py
| a-1+2 J a-1-2
B K(z) |z] ~ »dz+ K(z) |z| ~ @dz .
|TK| [-1,1) R\[-1,1]

Hence, Lemma 2.3 is proved when t < 0. If T > 0. it can also be proved
that (2.14) holds true. The proof of Lemma 2.3 is completed. O

3 Main Results

Theorem 3.1. Let § € {1, —1}, and
2i+1
Q:== t:t=

- /I/.IEZ
2j+1
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Suppose that a € (0,1), T € Q, k€ (0,1] N Q, 6,y € R*NQ, and a, 6,y
satisfy 8 <y and a+ 8 < min{l,y}. Let p > 1, 3+ = 1. Assume
that u(x) = |x|P27*72 v, = |n|" " where n € Z° := Z \ {O}. Let
f(x),an = 0 be such that f(x) € Lpu(R), and a = {an}rezo € lgv. Let
®(z) = cotz, and K(z) be defined by (2.1). Then the following inequalities
hold and are equivalent:

> .[oo f

o0 =
(3.1) J:= an K (x*n*) f(x)dx = f(x) K (x*n*) andx
nez0 - - neZ0
Tooo1 arn (x+8+y)
<R O 0 lales
Z J‘ ) P
(3.2) L1:= |n|Po K (x*n*) f(x)dx
nez0 —®
p
< Thltet 0 O o—o @G Py,
1% " 2)/ 2)/ P.H
J o = #
(3.3) Lz:= x| 77 K (x*n“)an dx
—o0 nez0
_ + 6 + q
< Tttt o ¥ o—g @FEENIT Ty
Z 2y 2y »
_1 1 H
where the constant T |t K th an (s | in (3.1), (3.2) and
2y T 2y

14
(3.3) is the best possible.

Proof. Let k(xTyK) = K (x*n*), g(y) := an, and h(y) := nfory € [n -
1,n), n € Z*. Let k(xTyK) = K (x*'n*), g(y) := an, and h(y) := |n| for
y €[n,n+1), n € Z-. By Hdlder’s inequality, we have

> o J o

(3.4) an K (xt*n*) f(x)dx = f(x) = K (x* n¥) andx
nez0 —00 - nez0
f o0 f [ee] ~
= K (xTy*) f(x)g(y)dxdy
73173 i1,

= K Oy<) h(y))(es 7 |x] 4 ()

— 00 —ooh

10 a1y

% K(xy<) x| [h(y)]1* P g(y)dxdy

[ ol w e
< Ky ay)]eet XU e () dydx

J ol o 1/q
X K (x7y*) x| [a(y)190-a/pga(y)dxdy
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111 #
f ) 1/p Z 1/q
= P00 P Plagdx w(n) In|?*= o,
- nez0

where
=

(3.5) Y(x) = K (xtn) |n|®t,
nez0

J w
(3.6) w(n) = K (x*n*) x P dx.

— 00

Since k < 1, it can be shown that |n|*"' decreases monotonically if n €
Z*, and increases monotonically if n € Z—. Moreover, by Lemma 2.1, and
observingthat T € Q and k € (0, 1] N Q, it can be proved that whether
x € R*or x € R~, G (x" n*) decreases monotonically with nif n € Z*, and
increases monotonically with n if n € Z—. Therefore, for a fixed x,

K (xtn ) |n|® "t = |x|""* G (x*n*) |n|**

decreases monotonically with n if n € Z*, and increases monotonically with
nif n € Z~. It follows therefore that
J o

=
Y(x) = K (x*n<) |n|* ! < K (xTy*) y p<=tdy,

nez0 -

Supposing that x < 0, qn(lj Obse{vilng that t€ Q and k € (0,1] N Q, we
T s - - T K

getx «=—|x| ~andz« =|z|x .Llettingxy =z, it follows that
.[ 0 _ X - * —

(37) W) < KOy lyl™ dy = K(z) 1217 dz.
oo K e

By similar discussion, it can also be proved that (3.7) is valid for x > 0.
Plugging (2.8) into (3.7), we get

7 x| 7 art (a+8 +y)n
38) < T T e,
Ky 2y 2y
Additionally, it can also be obtained that
mln|™™ _an (a+8 +y)n
(3.9) w(n) = mlnl 7 () — )
[Tl y 2y 2y

Plugging (3.8) and (3.9) back into (3.4), we obtain (3.1). In what follows, it
is to be proved that (3.2) and (3.3) hold under the condition that inequality

(3.1) holds. In fact, Let b = {b,}seno, where

f o) p—1
b, := |n|P** K (x*n“) f(x)dx

— 00
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.[ (o] p
(3.10) Li= |n|Po K (xTn*) f(x)dx
nez0 —®
> |
= bn K (x*n*) f(x)dx
nez0 -
o1 1 an (x+8+y)r
< "Z|T| ok @ Ty T o —( ;y | If 1lpullbllgy
E arn a+6+y)r 1
= —|T o — _ o = - "7 L q.
ek © o > I1F ot

It follows from (3.10) that (3.2) holds true. Similarly, inequality (3.3) can
be proved. In fact, setting

#o-1
at—1 Z T oK
g(x) = |x|? K (x*n“) an ,
nez0
and using (3.1), it follows that
mn #
Jo = ’
(3.11) Lo = x| 7% K(x*n)a, dx
- nez0
®© >
= g(x) K (x* n*) andx
- nez0
T 1 1 an a+ 6 +y)r
<Thlier o g OV o lall,,
12 2y 2y
L | an (a+8+y)r
= — o - 0o - "7 allgul,’?
Sl ke © o > lallgus

Therefore, (3.3) follows obviously. Furthermore, it can be proved that (3.1)
holds true when inequality (3.2) or (3.3) is valid. In fact, assuming (3.2)
holds true, it follows from Holder’s inequality that

= I
312) s ="" [o"  K()F)dx  ay |
nez0 . — 00
= #1/q
<1 an| = (YPlall,.
nez0

Apply inequality (3.2) to (3.12), then we arrive at (3.1). Similarly, if we
suppose that inequality (3.3) holds true, it can also be proved that (3.1) is
valid. Thus, inequalities (3.1), (3.2) and (3.3) are equivalent.
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In what follows, it will be proved that the constant factors in (3.1), (3.2)

and (3.3) are the best possible. In fact, suppose that there exists a constant
C which satisfies

m 11 o (x+ 8 +y)t
(3.13) O0<C< —|r| ik »r ® — -0 —r——
2y 2y
so that
> f 00 f 00 >
(3.14) J = an K (x*n¥) f(x)dx = f(x) K (x*n*) andx
nez0 - - nez0

< Clifllpullallqv.

Replace a, and f(x) in (3.14) with &, and f (x) defined in Lemma 2.3,
repectively, and use (2.14), then we have

f —1+2 f 717Z
(3.15) K(z) |z| T dz+ K(z) |z|* " adz
[-11] R\[-1,1]
|TK| |TK|C
< 0,080
1,
TK C J‘ 2t El :00 —2k E
= 2 xitlddx  2+2 n !
I S+ n=2
Jiwle | . 5 [, '3
< x 171 dx 1+ x~ 7 tdx
I S+ 1
1 e 1.1 te
=2lwlc — St
Il € S I 2k

Apply Fatou’s lemma to (3.15), and use (2.8), then it follows that

I

T O g larbivin " K(2) 217t dz
V| 2y 2y [ —o0
= limK(z a1+ limK(z) z|¢1
[—1,1] /=00 (=) g raz J\[ 11] /=c0 2 q/dz
. a—1+; 0‘_1_2
< lim K (2) |z| pldz + K (2) |Z| ' dz
= —1,1] R\[#l,ll
1 1
i 1 s 1,1« [
</_I,_To 2|TK|C 2—|?|' / 2K =C|T|‘7K".
It follows that
noo1 an (a+6 +y)n
(3.16) C>—t] vk » ® — -0 —X—
~y 2y 2y
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Combine (3.13) and (3.16), then we have
1 ar (a+ 8 +y)t

JT 1 (D
= | k7 © — g
2y 2y

Hence, it is proved that the constant factor in inequality (3.1) is the best
possible. Observing that inequalities (3.1), (3.2) and (3.3) are equivalent, it
can also be proved that the constant factors in (3.2) and (3.3) are the best
possible. Theorem 3.1 is proved. O]

4 Corollaries

Let y =368, t =k =1in Theorem 3.1. Then (3.1) is transformed into
the following Hilbert-type inequality with a non-homogeneous kernel.

Corollary 4.1. Let 6§ € {1, —1}, and
fope 2i+1 | .
Q= . - - vl €
2j+1

Z

Suppose that a € (0,1), 8 € Q, and a, 8 satisfy 0 <a <26 and o+ 6 < 1.
p(l—a)—1 q(l—a)—1

Let p > 1, 3+ % =1 Assume that u(x) = |x| , Vn = |n| ,
where n € Z° := Z \ {0}. Let f(x), an = O be such that f(x) € Lpu(R), and

a = {an}nezo € Iyv. Let O(z) = cotz. Then

00 Z dn
1) £ o
— oo . (xn)8 + (xn)26
3 T o ot (ax+468)rt
% g — 0 T ||f||p,u||a||qfv'
h i

where the constant factor 3 ® 2% —@ ‘Lbf‘(f)ﬂ in (4.1) is the best

possible.

It

S\e/t a = ¢ in Corollary 4.1, then 8 € Q, and 0 < 8 < 2. Since ®

34 X 3 12
3, e obtain
% = an e
(4.2) F = ——— XS @x 3 fllulalov
oo eg0 146 (xn)8 + (xn) 38

where u(x) = [x[PP¥271 v, = |n|T 75271 Letting § = 1, we have (1.7).
Set a = B8 in Corollary 4.1, then 8 € Q, 0 <8 < 1, and (4.1) reduces to
the following inequality.

| a

= n 2 3m
(4.3) fO) T ——— XS iflullallg,
g0 1+ 6 (xn)8 + (xn) 36

— 0
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where p(x) = |x|P*7971 v, = |p]907071

Set a =38 in_Corollary 4.1, then 8 € Q, and 0 < 8 < 2. In view of
\/§, we arrive at E
2

® To=3+ = a @+ 3n
[
(4.4) f(x) O (xn)23dx S 35 Wflleuliafiaw
- nez0

where p(x) = |x|PE36271 = |p|a—36/271

Let @ = ¥=§, t = k = 1 in Theorem 3.1. Then it can be obtained another
Hilbert-type inequality with a non-homogeneous kernel.

Corollary 4.2. Let 6§ € {1, —1}, and
2i+1 | .
Q.= t:t= . ’I"IEZ
2j+1

Suppose that 8,y € Q, 0<8 <yand 8+y <2 letp>1, ;+%1=

Assume that u(x) = |x[PC V21 = |6 ¥+221 here n € 70 =

Z \ {0}. Let f(x), an = O be such that f(x) € Lpu(R), and a = {an}rezo €
lgv. Let O(z) = cotz. Then

.[ 00 > _ 8 —
@51 f0 " e < Zo L

- nez0 4

If llpullalley
where the constant factor ZZ® (787 in (4.5) is the best possible.

Letting y = (2k+1)8, k € N*, we have 0 < (k+1)8 <1, 8 € Q, and
(4.5) is transformed into the following inequality.

(4.6)
” 2n
an -
X >3 dx < 0] )
—oof( ) 70 z}lfo 62k~J (xny® (2k+1)8  4k+2 Ifllpullallav
n =
where u(x) = |X|P(1—k6)—1' v, = |n|q(1—k6)—1'

Setting k = 1in (4.6), we can also get (4.3). Moreover, Setting k = 2 in
(4.6), we have 0 < B8 < 4, 8 € Q. It follows that

(4.7)
f o > a f(X) ; 27TCD7T
i X< __ _
—00 70 1+ 6(xn)8 + (xn)26 + 5(xn)36 + (xn)38 58 & Ifllpullallaw
where u(x) = |X|p(1—26)—1' Vy = |n|q(1—26)—1.

let y= 38, T = —1,k = 1 in Theorem 3.1, and replace f(x)x?*¢ with
f(x). Then it can be obtained the following Hilbert-type inequality with a
homogeneous kernel of degree 286.
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Corollary 4.3. Let 6 € {1, —1}, and

2i+1
Q== t:t= ,iLjEe”Z
2j+1

Suppose that a € (0,1), 8 € Q, and «a, 8 satisfy 0 <a <26 and a+8 < 1.
Let p>1, 1+ 1 =1 Assume that u(x) = |x[PAra=2671 1y, = gt
where n € Z° := Z \ {0}. Let f(x), an = O be such that f(x) € Lpu(R), and
a = {ankhezo € lgv. Let O(z) = cotz. Then

[ o o

=
(48) . f(X) X26 +5(Xn)6+n26dx
nez0
= ot (x+48)rt
<§ 0] g 0 —g—  [fleulalley
h i

where the constant factor 3 © & —0 ‘Ls“eg)ﬂ in (4.8) is the best
possible.

S\e/t a =8 in Corollary 4.3, then 8 € Q,and 0<B8 < 2. Since ® n=
3 12
3+

2
3, )A/e obtain the following inequality.

= a B
4.9 f(x) n dx< (443 ,
( ) — 0 X8+ 5 ixn)6 + n26 u”f”ﬁ,ll”a”q,v
nez0 38
where p(x) = [x|[P* 737271y, = |n]| %27 Letting 6 = —1, we obtain

inequality (1.8).

Set a = B in Corollary 4.3, then 8 € Q, and 0 < 8 <1, and (4.8) is
transformed into the following inequality.

(4.10) I oof( )Z an g 2 3n
' X T _dx<
— <70 mqu)3 + n26 38 ||f||p,ll ||a||q,v,
n
where u(x) = |x|P*7971 v, = |n|72 62
leta = =8, T = —1,k = 1 in Theorem 3.1, and replace f(x)x*—¢

with f(x). Then it can be obtained the following Hilbert-type inequality

involving a homogeneous kernel with degree y — 6.

Corollary 4.4. Llet 6 € {1, —1}, and
2i+1 | .
Q:= t:t= . ,/,jEZ
2j+1

Suppose that 8,y € Q, 0<B8 <yand B+y <2 letp>1, 5+%1=1

_ |X|p(6—y+2)/2—1 Vv, = |n|q(6—v+2)/2—1
Vé

Assume that p(x) , where n € Z° :=
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Z \ {0}. Let f(x), an = O be such that f(x) € Lpu(R), and a = {an}rezo €
lgv. Let O(z) = cotz. Then

) >
~ x8 — 6nb n (y — 8

- nez® 4

If llpll@allqu

where the constant factor 2® W28 in (4.11) is the best possible.

Letting y = (2k+1)8, k € N*, we have 0 < (k+1)8 <1, 8 € Q, and
(4.11) is transformed into the following inequality.

(4.12)
* > an e
X > dx < [0)
. f(x) B} Zj’:o 52k~ xJ8 n(2k—)8 (2k+1)8  4k+2 £ lpu llall g
ne =
where u(x) = |x|[PAkEI=L || (9t —ke)—1

Setting k = 1, and 6 = 1 in (4.12), it can also be obtained (4.10).
Additionally, let k = 2 in (4.12), then 0 < 8 < 1,8 € Q, and it follows that

84.13)

> an ot
FO e X306 + (xn)28 + xine w6 S 5P 5 IIf lleullallan
- nez0
where p(x) = [x|P* 72078, v, = || 707207,
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