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Abstract. We call an n-tuple Qg, . . ., Qn of positive definite n x n
real matrices a-conditioned for some « > 1 if for the corresponding
quadratic forms gi : R™ — R we have gi (X) < aqi(y) for any two vectors

X,y € R™ of Euclidean unit length and gi(X) < agj (x) for all 1 <1i,j <
n and all x € R™. An n-tuple is called doubly stochastic if the sum of

Qi is the identity matrix and the trace of each Qi is 1. We prove that for
any fixed a > 1 the mixed discriminant of an a-conditioned doubly
stochastic n-tuple is N°@e ", As a corollary, for any o > 1 fixed in
advance, we obtain a polynomial time algorithm approximating the mixed
discriminant of an

a-conditioned n-tuple within a polynomial in n factor.

1. Introduction and main results

(1.1) Mixed discriminants. Let Q1, . . ., On be n X n real symmetric matri-
ces. The function det(t Qi +. ..+ tnOn), where t, ..., ta are real variables, is a
homogeneous polynomial of degree nin t, ..., tn and its coefficient

n

0
(1.1.1) D(Q,...,0n)= mdet (O + . ..+ taOn)
1 n

is called the mixed discriminant of Qu, . . ., Qn (sometimes, the normalizing factor
of 1/n! is used).

Mixed discriminants generalize permanents. If the matrices Qi, . . . , On are di-
agonal, so that

Qi=diag(aa,...,ain) for i=1,...,n,
then
(1.1.2) D(Qi,...,Qn)=perA where A= (ay)
1
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and
X Y

per A = Ao
oS, i=1
is the permanent of an n X n matrix A. Here the &th row of A is the diagonal of
Qi and Sn is the symmetric group of all n! permutations of the set {1, . . . , n}
(1.2) Doubly stochastic n-tuples. If Qi, . . ., On are positive semidefinite ma-
trices then D(Q,, ..., Qn) = 0, . We say that the n-tuple (Q,, ... , Qn) is doubly
stochastic if Q,, ..., Qn are positive semidefinite,

O+...+0n=I andtr Qi=...=tr On=1,

where I1s the n X n identity matrix and tr Q is the trace of Q. We note that if
Q,, ..., On are diagonal then the n-tuple (Q, ..., On) is doubly stochastic if and
only if the matrix A in 1s doubly stochastic, that 1s, non-negative and has row and
column sums 1.

In Bapat conjectured what should be the mixed discriminant version of the
van der Waerden inequality for permanents: if (Qi;, . . . , On) i1s a doubly

stochastic n-tuple then
n!

DQ,...,0n = P

where equality holds if and only if
1

Q1:...:Qn:—n1.

The conjecture was proved by Gurvits [Gu06], see also [GuO8&] for a more general
result with a simpler proof.

In this paper, we prove that D (Q, . . . , Qn) remains close to n!/n" = e " if the
n-tuple (Q,, . . ., On) 1s doubly stochastic and well-conditioned.

(1.3) a-conditioned n-tuples. For a symmetric matrix Q, let Anin( Q) denote
the minimum eigenvalue of Q and let Anax( Q) denote the maximum eigenvalue of

Q. We say that a positive definite matrix Q is a-conditioned for some a = 1 if
Anax(Q) = aAmin(Q).
Equivalently, let g : R®* —— R be the corresponding quadratic form defined by
qx)=hQx,xi for xe€Rn
where h, i is the standard inner product in R™. Then Q is a-conditioned if
qgx) < aq(y) forall x,y€ R such that kxk=kyk=1,

where k - k is the standard Euclidean norm in R™.

We say that an n-tuple (Q, . . ., Qn) is a-conditioned if each matrix Qi is a-
conditioned and

qi(x) < agj(x) forall 1<ij<n andall x€R~

where qi1,...,qn : R?® — R are the corresponding quadratic forms.

The main result of this paper 1s the following inequality.
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(1.4) Theorem. Let (Q, ... , Qn) be an a-conditioned doubly stochastic n-tuple
of positive definite n X n matrices. Then

D(Qiy.. Q) = nien?

Combining the bound of Theorem 1.4 with (1.2.1), we conclude that for any a =
1, fixed in advance, the mixed discriminant of an a-conditioned doubly stochastic
n-tuple 1s within a polynomial in n factor of e~ If we allow a to vary with n then

as long as a < = m#, the logarithmic order of the mixed discriminant is captured
by e~

The estimate of Theorem 1.4 1s unlikely to be precise. It can be considered
as a (weak) mixed discriminant extension of the Bregman - Minc inequality for
permanents (we discuss the connection in Section 1.7).

(1.5) Scaling. We say that an n-tuple (P, . . . , Pn) of n X n positive definite
matrices is obtained from an n-tuple (Q,, . .. , On) of nX n positive definite matrices
by scaling if for some invertible n X n matrix T and real @, ..., Tn >0, we have

(1.5.1) P, =uT*Q;,T fori=1,...,n,

where T * is the transpose of T . As easily follows from (1.1.1),
1

(1.5.2) D(P,...,Pp=(etT) ; D(Q, ..., Qn,

=1

provided (1.5.1) holds.

This notion of scaling extends the notion of scaling for positive matrices by
Sinkhorn [S164] to ni-tuples of positive definite matrices. Gurvits and Samorodnitsky
proved in [GS02] that any ni-tuple of nX nn positive definite matrices can be obtained
by scaling from a doubly stochastic n-tuple, and, moreover, this can be achieved
n polynomial time, as it reduces to solving a convex optimization problem (the
gist of their algorithm is given by Theorem 2.1 below). More generally, Gurvits
and Samorodnitsky discuss when an n-tuple of positive semidefinite matrices can
be scaled to a doubly stochastic n-tuple. As 1s discussed in [GS02], the inequality
(1.2.1), together with the scaling algorithm, the identity (1.5.2) and the inequality

D@, ...,0n=1

for doubly stochastic n-tuples (Qi, . . . , On), allow one to estimate within a factor
of nl/n" = e " the mixed discriminant of any given n-tuple of n X n positive
semidefinite matrices in polynomial time.

In this paper, we prove that if a doubly stochastic n-tuple (P, . . . , Pn) is ob-
tained from an a-conditioned n-tuple of positive definite matrices then the n-tuple
(P, ..., Prn)is a’-conditioned (see Lemma 2.4 below). We also prove the following
strengthening of Theorem 1.4.
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(1.6) Theorem. Suppose that (Q, ..., Qn) is an a-conditioned n-tuple of n X n
positive definite matrices and suppose that (P, ..., Ppn) is a doubly stochastic n-
tuple of positive definite matrices obtained from (Q,, ..., Qn) by scaling. Then

D(P,...,Pn) < na e—n-",

Together with the scaling algorithm of [GS02] and the inequality (1.2.1), The-
orem 1.6 allows us to approximate in polynomial time the mixed discriminant
D (Q, ..., On of an a-conditioned n-tuple (Q, . . . , On) within a factor of ne .
Note that the value of D (Q;, . . ., Qn) may vary within a factor of a™

(1.7) Connections to the Bregman - Minc inequality. The following inequal-
ity for permanents of O-1 matrices was conjectured by Minc [Mi63] and proved by
Bregman [Br73], see also [Sc78] for amuch simplified proof: if Ais an n X nmatrix

with O-1 entries and row sums 1, ..., n, then
n

Y -
(1.7.D perA < (rh'/m.

=1

The author learned from A. Samorodnitsky [Sa00] the following restatement of
(1.7.1), see also [S003]. Suppose that B = (by) is an n X n stochastic matrix (that
18, a non-negative matrix with row sums 1) such that

1
(1.7.2) 0 < by < Py forall %j
and some positive integers 7, . . . , n. Then

n 1/ri

Y (ri)
(1.7.3) per B < .r .

=1

Indeed, the function B —— per B is linear in each row and hence 1ts maximum
value on the polyhedron of stochastic matrices satisfying (1.7.2) is attained at a
vertex of the polyhedron, that is, where bi; € {0, 1/r:} for all i, j. Multiplying the
i-th row of B by ri, we obtain a 0-1 matrix A with row sums 71, ... , = and hence
(1.7.3) follows by (1.7.1).

Suppose now that B 1s a doubly stochastic matrix whose entries do not exceed
a/n for some a = 1. Combining (1.7.3) with the van der Waerden lower bound, we
obtain that

(1.7.4) per B = e~ nno‘@,

Ideally, we would like to obtain a similar to (1.7.4) estimate for the mixed discrimi-
nants D(Q,, ..., On) of doubly stochastic n-tuples of positive semidefinite matrices
satisfying

a
(1.7.5) Amax (Ql) = — fOl’ i: 1,... , 1.

n
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In Theorem 1.4 such an estimate is obtained under a stronger assumption that the

n-tuple (Q, ..., On) in addition to being doubly stochastic is also a-conditioned.

This of course implies but it also prohibits Q; from having small (in partic- ular,

0) eigenvalues. The question whether a similar to Theorem 1.4 bound can be

proven under the the weaker assumption of together with the assumption that (Qs,
, On) 1s doubly stochastic remains open.

2. Preliminaries
We state it in the particular case of positive definite matrices.
2 ] Theorem Let Qi,. .., Onbe n X n positive definite matrices, let H C R»
e

e hyperplane,
yperpl C >

X
H= (,...,xn): xi=0

=1
and let f: H —— R be the function
|

\n -
Pl

fOa, ..., xn) =1Indet e Q;

i=1

Then f'is strictly convex on H and attains its minimum on H at a unique point

(8, . .., $n). Let Sbe an n X n, necessarily invertible, matrix such that
X

2.1.D S*S = es Q;
=1

(such a matrix exists since the matrix in the right hand side of (2.1.1) is positive
definite). Let

i=ef for i=1,...,n

let T=S""and let
Bi=uT*QiT for i=1,...,n.

Then (B, . . ., Bn) is a doubly stochastic n-tuple of positive definite matrices.

We will need the following simple observation regarding matrices B, . . ., Bn
constructed in Theorem 2.1.
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(2.2) Lemma. Suppose that for the matrices Qi, . . . , Qn in Theorem 2.1, we have

X
tr Qi= n.
=1
Then, for the matrices B, . . . , Bn constructed in Theorem 2.1, we have

DB,...,By)= DQ,...,0n.

Proof. We have
1

2.2.1) D(B,...,B)=@etTY ¢ DQ,...,Qn.
i=1
Now,
v G D
2.2.2) T =eXp & =1
=1 =1
and

2.2.3) (det T)’ = detk e$ Q; =expi{—f(&, ..., )} .

=1

Since (&, . . ., &) is the minimum point of fon H, we have
X

2.2.4) f&,..., &) < f0,...,0)=Indet Q@ where Q= Q..
i=1

We observe that Q is a positive definite matrix with eigenvalues, say, Ai, . . . , An

such that n n

X X
Ai=trQ= trQi=n and A,...,An>0.
=1 i=1

Applying the arithmetic - geometric mean inequality, we obtain

A+...+ A"

(2.2.5) detQ=A1 -+ - Ap < n =1.

Combining (2.2.1) - (2.2.5), we complete the proof.
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(2.3) From symmetric matrices to quadratic forms. As in Section 1.3, with an
n X n symmetric matrix Q we associate the quadratic foom g : R* —— R. We
define the eigenvalues, the trace, and the determinant of g as those of Q.
Consequently, we define the mixed discriminant D (q, ..., gn) of quadratic forms
q,-..,qn. An n-tuple of positive semidefinite quadratic forms qi,...,qn : R?* —
R is doubly stochastic if

X
qi(x) = kxk®> forall x€R” and trqi=...=trgn=1.
=1
An n-tuple of quadratic forms pi,...,pn : R® — R”™ i3 obtained from an n-
tuple qi,...,gn : R® — R by scaling if for some invertible linear transformation
T:Rrn—— R andreal @, ..., tn >0 we have

pi(x) =tiqi(Tx) forall x€R"® andall i=1,...,n.

One advantage of working with quadratic forms as opposed to matrices 1s that it is
particularly easy to define the restriction of a quadratic form onto a subspace. We will

use the following construction: suppose that qi, ..., gn : R — R are positive
definite quadratic forms and let L C R™ be an m-dimensional subspace for some
1 < m < n. Then L inherits Euclidean structure from R”™ and we can consider the
restrictions § ..., : L — Rof qi»---»9n onto L. Thus we can define the mixed
discriminant D (& > - - - > bm). Note that by choosing an orthonormal basis in L, we
can associate m X m symmetric matrices @1, ce @m with b, ..., bm. A different
choice of an orthonormal basis results in the transformation ®; — U* @iU for
some m X m orthogonal matrix U and i =1, ..., m, which does not change the
mixed discriminant D Q. . ., On .

(2.4) Lemma. Let qi,...,qn : R* — R be an a-conditioned n-tuple of positive
definite quadratic forms. Let L C R" be an m-dimensional subspace, where 1 <
m < n, let T: L —— R" be a linear transformation such that ker T = {0} and let
Ti,...,Tm >0 be reals. Let us define quadratic forms pi,...,pm: L — R by

pi{x) =tqTx) for x€L and i=1,..., m.

Suppose that
X
pi(x) = kx> forall xe€L and trpi=1 for i=1,...,m
=1
Then the m-tuple of quadratic forms pi, ..., pm is a -conditioned.

This version of Lemma 2.4 and the following proof was suggested by the anony-

mous referee. It replaces an earlier version with a weaker bound of a' instead of
2
a.
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Proof of Lemma 2.4. Let us define a quadratic form g : R» —— R by

K
q(x) = tigi(x) forall x €Rn,

=1

Then q(x) is a-conditioned and for each x, y € L such that kxk = kyk =1 we have
1=q(T%) 2= Amin(QPKTXK® and 1=q(Ty) < Amax(@kTyk,

from which it follows that

kT)Ck2 < Amax(q) kTykZ
Amin(9)

and hence
2.4.1) kTxk> < akTyk®> forall x,y€ L suchthat kxk=kyk=1.

Applying (2.4.1) and using that the form qi 1s a-conditioned, we obtain

pi(0) =1iqi(Tx) < Ti(Amaxq) KTxXK® < ati(Amaxqi) kKTyk?
2.4.2) <@ Ti(Aminq) kKTyk® < @ tiqi (Ty)
=a’pi(y) forall x,y€ L suchthat kxk=kyk=1,

and hence each form pi is @’-conditioned.

Let us define quadratic forms ri: L —— R, i=1, ..., m, by

r{ix) =qi(Tx) for x€L and i=1,...,m.

Then
rix) < arix) forall 1<ij<m andall x¢&lL.

Therefore,
trri < atrry forall 1<ij<m
Since 1 =tr pi = titr ri, we conclude that ti= 1/ tr ri and, therefore,

(2.4.3) i < aty forall 1=<ij=<m.

Applying (2.4.3) and using that the n-tuple qi, ..., gn 1s a-conditioned, we obtain

pi(0) =tiqi(Tx) < atq(Tx) < a’1;qi(Tx)

2.4.4) =a’p (x) forall x€ L.

J

Combining (2.4.2) and (2.4.4), we conclude that the m-tuple pi,...,pm is @ -
conditioned.
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(2.5) Lemma. Letqi, ..., gn: R™ — R be positive semidefinite quadratic forms
and suppose that
gn(x) = hu, xi’,
where u € R and kKuk = 1. Let H = u* be the orthogonal complement to u. Let
bi,...,6.1 : H—— R be the restrictions of q,...,qn—1 onto H. Then

D(ql:"')qn):D(ql:"'an_l)'

Proof. Let us choose an orthonormal basis of R™ for which u is the last basis vector
and let Q1, ..., On be the matrices of the forms ¢qi, ..., gn in that basis. Then the
only non-zero entry of Qn is 1 in the lower right corner. Let QB . . ., Qn—1 be the
upper left (n— 1) X (n — 1) submatrices of Q, ..., On-1. Then

det (t Q1+ . . .+ thOn) = tn det tl(pl 4+ ...+ tn—1QnJ3
and hence by (1.1.1) we have
D,...,On=Db, .. O, .

On the other hand, @1, ... ,t@n—l are the matrices ofly, ... Jgn—1.
Finally, the last lemma before we embark on the proof of Theorems 1.4 and 1.6.

RQ=hemparrlet R Ey‘p’e)%l%élﬂnﬁllé?”dilg%?ﬁe%gﬂ’{gﬁ&ff}’f%r%cﬁ that

Then a
trg=1— —.

Proof. Let
O<A=<...< A
be the eigenvalues of g. Then

X
Ai=1 and An < ad,
=1
from which 1t follows that a
A< —
n
As 1s known, the eigenvalues of ggnterlace the eigenvalues of g, see, for example,
Section 1.3 of [Tal2], so for the eigenvalues ui, . . . , Un—1 of by we have
AISHISAQS ...SAn—1S,Lln—1S An.
Therefore,
bl > a
trip= ui = Az 1=
) ) n
=1 =1
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3. Proof of Theorem 1.4 and Theorem 1.6
Clearly, Theorem 1.6 implies Theorem 1.4, so it suffices to prove the former.

(3.1) Proof of Theorem 1.6. As in Section 2.3, we associate quadratic forms
with matrices. We prove the following statement by inductionon m=1,...,n.

Statement: Let qi,...,9n : R — R be an a-conditioned n-tuple of positive
definite quadratic forms. Let L C R™ be an m-dimensional subspace, 1 < m <
n,let T: L — R" be a linear transformation such that ker T = {0} and let
T,...,Tm >0 be reals. Let us define quadratic forms pi: L —— R, i=1,...,m,
by

pix)=tq(Tx) for x€ L and i=1,...,m

and suppose that

)X
pi(x) =kxk®> forall x€L and trpi=1 for i=1,...,m
i1
Then
. 1
G3.1.1) Dpr,...,pm) < exp —(m—D+d&
k=2

In the case of m = n, we get the desired result.

The statement holds if m =1 since in that case D(p1) = detp: = 1.

Suppose that m > 1. Let L C R”™ be an m-dimensional subspace and let the
linear transformation 7T, numbers T and the forms pifori=1, ..., mbe as above.
By Lemma 2.4, the m-tuple pi,...,pm is @ -conditioned. We write the spectral
decomposition

pm(X) = Ajhu_j, xiz;
Jg=1

where wi, ..., um € L are the unit eigenvectors of pm and Ai, ... ,Am >0 are the
corresponding eigenvalues of pm. Since tr pm = 1, we have At + . . . + Am = 1. Let
L;= u]%, Lj; C L, be the orthogonal complement of u; in L. Let

biji: Li—R for i=1,...,m and j=1,...,m

be the restriction of p: onto L;.
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Using Lemma 2.5, we write

>
D(p1,...,pm)=  AjD p1,...,pm—1,hus xi’
=1
P
(3.1.2) =  ADbpj, ... pim—i £ where
=1
X
Aj=1 and A; >0 for j=1,...,m.
=1
Let
o =trBy+...+trfam-rr; for j=1,...,m.
Since

<1
Pij(x) = kxk® — Emj(x) forall x€L; and j=1,...,m

=1

and since the form pmy is a@’-conditioned, by Lemma 2.6, we have

a? )
(3.1.3) 0j$m_2+z for j=1,...,m.

Let us define

for i=1,...,m—1 and j=1,...,m.

o. m—1
D plj,...,p(mfl)j m—1 D Nj, ..., tm—1)
1 a2 m—1
< l-—4 D 1y, > Fim—1yj
<ep ~1+— D ny s Tim—1y
for j=1, ,m

In addition,
(3.1.5) trrij+...+trvim—nj=m—1 for j=1,...,m.
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Foreachj=1,...,mletw,...,Wwm—1,: Li — R be a doubly stochastic (m—
D)-tuple of quadratic forms obtained from rij,. .., ram—1>7 by scaling as described
in Theorem 2.1. From (3.1.5) and Lemma 2.2, we have

(3.1.6) D rj...,ram—1v; < D wy,...,Wm-1; for j=1,...,m
Finally, foreach j = 1, . . . , m, we are going to apply the induction hypothesis
to the (m — 1)-tuple of quadratic forms wij, ..., Wm—1>7 : Ly — R. Since the

(m — 1)-tuple 1s doubly stochastic, wehave

1
wij(x) = kxk® forall x€L; andall j=1,...,m
@3.1.7) =1
and
trwg=1 forall i=1,...,m—1 and j=1,...,m
Since the (m — 1)-tuple wij,...,Wcm—1>;7 is obtained from the (m — 1)-tuple
rj,...,ram—1y; by scaling, there are invertible linear operators S;j : Lj —— L;

and real numbers (i >0fori=1,...,m—1landj=1,..., msuch that

wii(x) = uiri7(Sjx) forall x€ Ly
and all i=1,...,m—1 and j=1,...,m.

In other words,
W )=ur1r (S x)= Udim = 1) (8§ 5 = Hi(m = 1}, (Sx)
i ijij(j) &(7‘%;]-) &(T}oij
(3.1.8) ui(m — DT, (7S x) forall x€L.
o; i J J
and all i=1,...,m—1 and j=1,...,m.

Since for each j =1, . . . , m, the linear transformation T'S; : L; —— R”™ of an
(m— 1)-dimensional subspace L; C R™has zero kernel, from (3.1.7) and (3.1.8) we
can apply the induction hypothesis to conclude that

D Wiz, ..., Wen—157 = €Xp —(I’I’L—Q)—i—a2 _k
k=2

(3.1.9)

for j=1,...,m.

Combining (3.1.2) and the inequalities (3.1.4), (3.1.6) and (3.1.9), we obtain (3.1.1)
and conclude the induction step.

Page | 119 Copyright @ 2020 Authors



Dogo Rangsang Research Journal UGC Care Group I Journal
ISSN : 2347-7180 Vol-10 Issue-09 No. 03 September 2020

References

1. A.D. Alexandrov, On the theory of mixed volumes of convex bodies. 1V. Mixed discrimi-

w o~

o v

7.
mixed

nants and mixed volumes (2001), 227-251.
R.B. Bapat, Mixed discriminants of positive semidefinite matrices, Linear

Algebra and its A%)Iications 126 (2000), 107-124. o
R.B. Bapat and T.E.S. Raghavan, Nonnegative Matrices and Applications,

L.M. Bregman, Certain properties of nonnegative matrices and their permanents
(2008), 27-30.

L. Gurvits, The van der Waerden conjecture for mixed discriminants, Advances in
Math- ematics 200 (2006), no. 2, 435-454.

L. Gurvits, Van der Waerden/Schrijver-Valiant like conjectures and stable
homogeneous polynomials: one theorem for all. With a corrigendum, Electronic

Journal of Combinatoric 15 (2008), no. 1, Research Paper 66, 26 pp.. o
L. Gurvits and A. Samorodnitsky, A deterministic algorithm for approximating the

discriminant and mixed volume, and a combinatorial corollary, Discrete &

Computa- tional Geometry 27 (2012), no. 4, 531-550.
K. Leichtweil3, Convexity and differential geometry, Handbook of convex geometry,

8.
Vol.11 , 2010, pp. 1045-1080.

9. H. Minc, Udpp_er bounds for permanents of (0,1)-matrices., 69 (2001), 789-791.

10. A. Samorodnitsky, personal communication (2000).

11. A. Schrijver, A short proof of Minc’s conjecture, Journal of Combinatorial
Theory. Series A 25 (2004), no. 1, 80-83. - )

1t2. " t_R. Sinkhorn, A relationship between arbitrary positive matrices and doubly

stochastic

matrices, Annals of Mathematical Statistics 35 (2001), 876-879.

Page | 120 Copyright @ 2020 Authors



