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Abstract: Digital implementation of chaotic systems has advantages like high accuracy and 
ease of integration with embedded systems as compared to analog implementation.  This paper 
presents the implementation of integer order Lü, Liu, Newton-Leipnik, Arneodo, Bhalekar-
Gejji and Van der Pol chaotic systems on Field Programmable Gate Array (FPGA). The 
aforementioned chaotic systems are implemented on Altera FPGA Cyclone IV E 
(EP4CE11529C7N) chip. FPGA implementation has advantages like high accuracy and 
hardware optimization. As all the chaotic systems are processed parallel, the FPGA 
implementation provides real-time flexibility of selection of chaotic system for implementation 
using a switch. ModelSim simulation results are validated with MATLAB for the proposed 
chaotic systems. The implementation is carried out on Altera DE2-115 Board. A detailed 
implementation analysis related to hardware resource utilization on FPGA is presented for 
each chaotic system. 

 
Keywords: Chaotic System, FPGA, Hardware implementation, Advanced DSP Builder 
blockset, VHDL. 

1 Introduction 

 

In recent years there is an increasing interest in theoretical research and practical 

implementation of chaotic systems. The non-linear dynamic systems exhibit chaos, and are 

characterized by sensitivity to initial conditions [1]. In comparison with analog implementation 

of chaotic system as discussed in [2] for applications like data encryption and secure 

communications between embedded systems, the digital implementation of chaotic systems has 

advantages of accuracy and possible integration in embedded applications [3]. The analog 

implementation has practical difficulties as components value are sensitive to temperature, 

ageing, whereas digital implementation overcomes the problems. Discrete algorithms can be 

implemented on various platforms: like Field Programmable Gate Array (FPGA), common 

microprocessors or special microprocessors like Digital Signal Processor (DSP).   The 

implementation of chaotic system on DSP using fixed point realization seems to be the optimal 

solution for the real time information processing because of its simplicity, flexibility in 

operation and low cost. The architecture of DSP allows us to realize the basic algorithm in most 

effective way such that the software part/code can be written in much convenient way. As 
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discussed in the [4] DSP implementation of chaotic system has problem like restriction of 

accuracy, causing transition from infinite set of numbers to a final set etc. DSP is a single chip 

computer which has finite length variables in computation it becomes necessary to consider the 

overflow problem and computation error problem. Also implementation of many chaotic 

systems at a time on DSP becomes difficult as it executes the software part in sequential manner 

resulting in large computational time and limitations on implementation. 

    Fractional order chaotic system had been implemented in [5].FPGA implementation 

consumes less power as compared to implementation using microprocessor and DSP. Low-

power usage is due to a lower clock rate and the absence of wasted cycles for the fetch/decode 

instruction in FP- GAs. In this context, the use of FPGA technology makes it possible to 

optimize the hardware resources required while allowing for real-time computing. FPGAs 

provide great trade-off between computational power and the processing flexibility hence they 

have a great place in design of digital systems. Considerable work has been done so far on 

the FPGA implementation of basic chaotic systems. Rossler system [6], Novel chaotic 

oscillator [7], 3D chaotic system [8], chaotic oscillator [9] is implemented using RK-4 method 

.The Chen system [1], Lorenz system [10, 11, 1], the Hyperchaotic system [12] is 

implemented using DSP builder design tool. The higher dimensional digital chaotic system 

[13] is implemented on FPGA. 

The novel chaotic system [14], four wing chaotic attractor [15], Lorenz chaotic system [16], 
new chaotic system for synchronization is implemented using Xilinx system generator tool. 
Designing of four systems Liu Chen, Lu, Chen, and Lorenz together is shown in [3]. 
Multiscroll chaotic oscillator [17] is implemented on FPGA for chaotic communication 
applied to image processing. The implementation of four discrete time chaotic generators 
[18] is done on FPGA. 

The paper presents FPGA implementation of following six chaotic systems: 
1. Lü system. 
2. Liu system. 

3. Newton- Leipnik system. 

4. Arneodo system. 
5. Bhalekar-Gejji system. 
6. Van der Pol system. 
 

The state variable length used for implementation has 32 bit -word length with floating point 

representation, hence greater accuracy is achieved. The methodology to carry out the implementation 

of chaotic system is followed from the book [1].  

      The paper is organized as follows. Section 2 briefly introduces algorithm of implementation and 

presents the basic block diagram of implementation of chaotic system on FPGA. Section 3 provides 

insights about different chaotic system implemented. Hardware details are given in Section 4. 

Section 5 provides details about the DSP builder. Section 6 presents the results of FPGA 

implementation of chaotic systems. Analysis and comparison in terms of resource utilization for the 

implemented systems is presented in Section 7. Conclusion is given in section 8. 

 

2 Chaotic systems on FPGA 

 

The block diagram of proposed work is shown in Figure 1. Six different 3D chaotic systems are 

designed using Advanced DSP builder blockset in MATLAB/Simulink environment. VHDL code is 

generated by using the Hardware- In-Loop (HIL) block supplied by DSP builder. After debugging, 

the generated VHDL code is simulated in ModelSim simulator, which is then verified with 

MATLAB results. Synthesized VHDL code is transferred on FPGA. Multiplexer/ Control unit is 

designed to select one of the chaotic systems and state variables. Results of Implemented work are 
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shown on DSO using Coder-Decoder (CODEC) available on FPGA. 

The Reset and Clock signals on the inlet of the units have been used to ensure the timing of sub-

modules within the units and the synchronization between modules and the systems. The initial 

conditions required for the chaotic systems are embedded in the code itself. The three output state 

variables are x(t), y(t) and z(t) are of 32 bits in word length with floating point data type. The 

laboratory setup for implementation of chaotic system on FPGA is shown in Figure 2. 

In comparison with other processors, FPGAs use dedicated hardware for processing logic and 

therefore not constrained by the complexities of additional overhead, such as an operating system. 

The latest FPGAs emphasize on low dynamic power performance and hence they are increasingly 

used for digital signal processing (DSP) applications. The processor based system has layers of 

abstraction to schedule tasks and share resources among multiple resources. These complexities are 

not necessary for FPGA based system [1]. 

 

1  Chaotic system 

 

This section describes the six chaotic systems used in this work. 

 

 
Fig. 1 Basic block diagram of implementation on FPGA. 

 

3.1 Lü system 

 

Recently, Lu¨ reported a new chaotic attractor, which bridged the gap between the Lorenz system 

and Chen system.  It is a typical  transition  system;  Lu¨ system has been analyzed in [3]. This 

system has a wide range of parameters values in which the system displaces a chaotic attractor of 

different shapes. The range of values is listed below the system equation. 

The system equations are as follows: 

x˙ = a(y(t) − x(t)), 

y˙ = −x(t)z(t) + cy(t),                                                    (1) 

z˙ = x(t)y(t) − bz(t), 
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where x˙, y˙, z˙  represents the time derivative of the variables x, y, z  for brevity, the explicit 

dependent on time will be omitted in the remaining of the paper. The parameters are 

a =36, b =3, c =20. 

Initial condition of system variables which exhibits chaotic behavior are  

x(0)=10, y(0)=20, z(0)=30. 

 

 
 

Fig. 2 Laboratory hardware setup for implementation of Chaotic System on FPGA. 

 

3.2 Liu System 

 

Liu System [19] is a three dimensional autonomous system that relies on one multiplier  and one 

quadratic  term to introduce  the non-linearity  necessary for folding trajectories. Reference [20] 

discusses the control method for Liu system; it can be stabilized at one-equilibrium point or limit 

cycle surrounding its equilibrium. The system equation for same is as follows: 

x˙ = −ax − ey2, 

y˙ = by − kxz,                                                    (2) 

z˙ = −cz + mxy. 

The parameters are 

a = e =1, b =2.5, k = m =4, c =5. 

Initial condition of system variables which exhibits chaotic behavior are 

x(0)=10, y(0)=20, z(0)=30. 

3.3 Arneodo System 

 

In 1985, Arneodo [21] provided a list of normal forms of ordinary differential equations describing 

the dynamics of physical systems in condition near to the simultaneous onset of up to three 

instabilities. The Arneodo has rich dynamical behaviors deserving to be explored. Arneodo system 

exhibits oscillatory behavior for the integer-order differential equation of at least two. Also to exhibit 

multiple limit cycle the order of the system must be at least four. The system equation for same is as 

follows: 

x˙ = y, 

y˙ = z,                                                              (3) 

z˙ = −β1x − β2y − β3z + β4x3. 

The parameters are 

β1=-5.5, β2=3.5, β3=1, β4=-1. 

Initial condition of system variables which exhibits chaotic behavior are 
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x(0)=-0.2, y(0)=0, z(0)=0.2. 

 

3.4 Newton−Leipnik System 

 

In 1981, Newton and Leipnik constructed a set of differential equations from Euler’s rigid body 

equations which were modified with a linear feedback. Then in 2002, B. Marlin established the 

existence of closed orbits which were not asymptotically stable for this system. In 2002, Chen et al 

studied chaos control and synchronization of the Newton−Leipnik system for the first time by using 

a stable-manifold based method [22]. The System equation for same is as follows: 

 

x˙ = −ax + y + 10yz, 

y˙ = −x − 0.4y + 5xz,                                                      (4) 

z˙ = bz − 5xy 

The parameters are 

a =0.14, b =0.175. 

 Initial condition of system variables which exhibits chaotic behavior are 

x(0)=0.349, y(0)=0, z(0)=-0.16. 

 

3.5 Bhalekar−Gejji System 

      A new chaotic system having four parameters is proposed by [23]. It is observed that 

the system exhibits rich dynamics ranging from chaotic to limit cycle oscillations. It’s 

application for secured communication is described in [24]. The forming of Bhalekar-Gejji 

chaotic dynamical system is discussed in [23]. The system equation for Bhalekar- Gejji 

system are as follows: 

x˙ = (ω ∗ x) − y2, 

y˙ = µ(z − y),                                                      (5) 

z˙ = ay − bz + xy. 

  The parameters are 

ω=-2.667, µ=10, a =27.3, b =1. 

Initial condition of system variables which exhibits chaotic behavior are 

x(0)=5,y(0)=5,z(0)=0 

 

3.6 Vander Pol system 

 

The Van der Pol oscillator (VPO) represents a nonlinear system with an interesting behavior that 

exhibits naturally in several applications. It has been used for study and design of many models 

including biological phenomena, such as the heartbeat, neurons, acoustic models, radiation of mobile 

phones, and as a model of electrical oscillators (implemented with a tunnel diode, memristor or 

operating amplifier). The VPO model was used by Van der Pol in 1920 to study oscillations in 

vacuum tube circuits [25]. Chaotic circuit using Ring Oscillator and Ven der Pol Oscillator is 

proposed by [26]. The oscillations found in Van der Pol is called relaxation-oscillations and are also 

known as limit cycle in electrical circuits employing vacuum tubes. 

x˙ = y, 

y˙ = −x − (ǫ)(x2 − 1) ∗ y.                                  (6) 
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The parameters are 

ǫ=1. 

Initial condition of system variables which exhibits chaotic behavior are 

x(0)=0.2, y(0)=-0.2. 

 

 

 

3.7 Discrete approximation of chaotic system: Euler’s Method 

 

For digital implementation, need arises to convert the time domain differentiation in discrete domain, 

hence in the proposed work discrete approximation of integration is used as shown in Figure 3 using 

Euler’s Method. Consider (7) 

x˙1 = f1(x1,  , xn), 

x˙n = fn(x1, ...., xn).                                                                  (7) 

 

By using forward Euler’s method the (7) can be rewritten as (8) 

x˙1(t + δ(t)) = x1(t) + f1(x1(t),     , xn(t))∆t, 

x˙n(t + δ(t)) = xn(t) + fn(x1(t), ...., xn(t))∆t.                             (8)  

 

For further to implement it  

 

on FPGA the above (8) can be defined as (9) 

xNNew = xn(t) + fn(x1(t),, xn(t))∆t, 

xN = xn(t + δt).                                                                  (9) 

 

where xNNew and xN are VHDL signals with N = 1, 2,..., n. For D flip- flop to be synchronous with 

xN the clock period required is δt. The step size required for Euler’s method is ∆t. 

 

 
Fig. 3 Euler’s Method [1]. 

 

4 Hardware Description 
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The implementation was carried out on DE2-115 board  from altera that utilizes a Cyclone IV 

(EP4CE115F29C7N) FPGA chip [27].  

–Cyclone IV devices are ideal for low-cost, small-form-factor applications in the wireless, wire-line, 

broadcast, industrial, consumer, and communications industries. 

–Cyclone IV E offers the lowest power and high functionality  

with the lowest cost. 

–Cyclone IV EP4CE115F29C7N device has 114,480 logic elements, 300 9*9 bit Multipliers, 266 

18*18 bit Multipliers, 3888K Embedded Memory, 4 general-purpose PLLs, 20 Global Clock 

Networks, 8 User I/O Banks, and 528 Maximum user I/O [27]. 

 

 

5 DSP Builder 

 

DSP Builder is a digital signal processing (DSP) design tool that allows push- button HDL 

generation of DSP algorithms directly from Math Works Simulink environment. 

DSP Builder is used to design algorithm, set desired data rate, clock frequency, and device offering 

accurate bit and cycle simulation, synthesizing fixed- and floating-point optimized HDL, auto-verify 

in ModelSim- Altera software, and auto-verify/co-simulate on hardware. This tool adds additional 

Altera libraries alongside existing Simulink libraries with the Altera DSP Builder Advanced 

Blockset and DSP Builder Standard Blockset. The proposed methodology is implemented in 

Advanced DSP builder blockset for obtaining 

results on FPGA. DSP Builder is produced by Altera for DSP related development [28], and it can 

also work in MATLAB and Simulink environment. The procedure of designing with DSP Builder is 

shown in Figure 4. 
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Fig. 4 Steps involved in implementation on FPGA. 

 

The 32 bit floating point representation is used for state variables and 16 bit representation is used of 

scaled variable to match with voltage range of CODEC. Two separate .vhd  programs  need  to  be  

written  for  providing the initial conditions for chaotic system and step size, and for providing the 

appropriate clock. 

 

 

6. Implementation of Chaotic System 

 

FPGA implementation of chaotic systems is discussed below: 

 

6.1 Lü  System 

 

The chaotic system given by (1) in section 3.1 is now implemented using FPGA. With the use of 

forward Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 

and it is realized in discrete domain,  the Lu¨  system looks  like:  11-13.  
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6.1.1 Simulation Results 

 

After the generation of VHDL code from DSP builder it is simulated in ModelSim simulator, the 

results of same are as shown in Figure 5. As stated earlier, the state variable has word length of 32 

bit with floating point representation. In order to match the voltage range of CODEC these state 

variables are truncated to 16 bit representation. As shown in Figure 5 the variables xout, yout and 

zout are scaled variables having 16 bits representation. It is also verified that the values obtain from 

ModelSim for state variables exactly matches with that obtained with MATLAB as shown in x(t) 

versus y(t), y(t) versus z(t), z(t) versus x(t) phase plots in Figure 6-8. The above procedure is 

repeated for other implemented chaotic systems as well. 

 

 
Fig.  5   ModelSim  waveform  of  Lu¨  system  simulated  for  4ms:  chaotic signals  x(t),  y(t)  and z(t) 

 

6.1.2 Implementation Analysis 
After generation of VHDL code from DSP builder and after performing the functional simulation of 
same it is synthesized in Quartus to generate .sof file which is transferred to FPGA via banana cable. 
The built in CODEC of FPGA produces the analog output which is viewed on DSO. The above steps 
are followed for other systems as well. The implementation result of Lu¨ System is shown in 
following Figure 9. 
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Fig.  6   Phase  plot  of  Lü  system  obtained  from  MATLAB:  x(t)  versus  y(t) 

 

 

 
Fig.  7   Phase  plot  of  Lü  system  obtained  from  MATLAB:  y(t)  versus  z(t) 

 

 
Fig.  8   Phase  plot  of  of  Lü  system  obtained  from  MATLAB:  z(t)  versus  x(t) 
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Fig.  9  Real-time  Results  of  the  implemented  Lü  chaotic  generator:  x(t)  versus  y(t) 

 

6.2 Liu System 

 

The chaotic system given by (2) in section 3.2 is now  implemented  using FPGA. With the use of 

forward Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 

and it is realized in discrete domain. The real time implementation result of Liu System is shown in 

following Figure 10-12. 

 

 
 

Fig. 10 Real-time Results of the implemented Liu chaotic generator: x(t) versus y(t). 
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Fig. 11.  Real-time Results of the implemented Liu chaotic generator: y(t) versus z(t). 

 

 

 

Fig. 12 Real-time Results of the implemented Liu chaotic generator: z(t) versus x(t). 

 

6.3 Arneodo System 

The FO system given by (3) in section 3.3 is now implemented using FPGA. With the use of forward 

Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 and it is 

realized in discrete domain. Validation of ModelSim simulation results with MATLAB is done and 

the real time implementation result of Arneodo System is shown in following Figure 13-15. 

 

 

 

 

 

 

 

 

 

 

 

. 
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Fig. 13 Real-time Results of the implemented Arneodo chaotic generator: x(t) versus y(t). 

 
Fig. 14 Real-time Results of the implemented Arneodo chaotic generator: y(t) versus z(t). 

 

 
 

Fig. 15 Real-time Results of the implemented Arneodo chaotic generator: z(t) versus x(t). 

 

6.4 Newton − Leipnik System 

 
The chaotic system given by (4) in section 3.4 is now implemented using FPGA. With the use of 
forward Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 
and it is realized in discrete domain. Validation of ModelSim simulation results with MATLAB is 
done and the real time implementation result of Newton − Leipnik System is shown in following 
Figure 16-18. 
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Fig. 16 Real-time Results of the implemented Newton − Leipnik System chaotic generator: x(t) versus y(t). 

 

 

Fig. 17 Real-time Results of the implemented Newton − Leipnik System chaotic generator: y(t) versus z(t). 

 

 
 

Fig. 18  Real-time Results of the implemented Newton − Leipnik System chaotic generator: z(t) versus x(t). 

 

6.5 Bhalekar − Gejji System 

The chaotic system given by (5) in section 3.5 is now implemented using FPGA. With the use of 

forward Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 

and it is realized in discrete domain. Validation of ModelSim simulation results with MATLAB is 

shown in Figure 19-21. 
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Fig. 19 Real-time Results of the implemented Bhalekar − Gejji System chaotic generator: x(t) versus y(t). 

 

 
Fig. 20 Real-time Results of the implemented Bhalekar − Gejji System chaotic generator: y(t) versus z(t) 

 

 
Fig. 21 Real-time Results of the implemented Bhalekar − Gejji System chaotic generator: z(t) versus x(t). 

 

 

 

6.6 Van der Pol System 
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The chaotic system given by (6) in section 3.6 is now implemented using FPGA. With the use of 

forward Euler’s method the ordinary differential equation is solved as given in (7)-(9) in section 3.7 

and it is realized in discrete domain. Validation of ModelSim simulation results with MATLAB is 

done and the real time implementation result of Van der Pol  

system is shown in fig 22. 
 

 
Fig. 22 Real-time Results of the implemented Van der Pol System chaotic generator: x(t) versus y(t) 

 
 

7. Analysis and Comparison of Synthesis results and implementation performance 

 

The synthesis result obtained for each chaotic generator from Quartus are specified in terms of 

logic resources required, registers used. Along with these total DSP block, multipliers and PLL 

used are also listed. The description of each term is discussed below. 

 

7.1 Description of terms: 

 

1. Logic elements are smallest units of logic it consist of a four-input look- up table (LUT) which 

can implement any function of four variables, a programmable register, a carry chain connection, 

register feedback support and it has ability to drive local, row, column, direct link interconnects. 

Total Logic Elements present on Cyclone IV E device is 114,480. 

2. Logic utilization reports the percentage calculated from the number of half- adaptive logic 

modules (half-ALMs) available in the device and the number of half-ALM used in design. 

3. Dedicated logic register refers to the two register present in ALM, total register present on 

Cyclone IV E device is 3528. 

4. Total pins show the total number of pins used against the total number of pins available, total 

pins available on device is 529. 

5. DSP block 9-bit elements make up the DSP blocks in a supported device family, total DSP 

block present on device is 532. 

6. Total PLLs shows the total number of Phase-Locked Loop (PLL) used, total PLL present on 

device is 4. 

The table 1 and 2 shows the hardware resources utilized on FPGA in terms of total logic elements, 

total (Phase Locked Loop) PLLs, total combinational functions, dedicated logic register and 

embedded multiplier along with maximum frequency. It can be stated from table 1 and 2, the 

implementation of chaotic system on FPGA utilizes only small percentage of total resources 

available with great accuracy and speed. 

 

 

6. Conclusion 

 

    The paper presents real-time implementation of some chaotic systems using FPGA environment. 
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After validating the simulation results with ModelSim and MATLAB, the chaotic systems are 

implemented on Altera FPGA Cyclone IV E (EP4CE11529C7N) chip. A detailed analysis of various 

key indices useful in hardware utilization and implementation performance is also carried out. With 

lesser consumption of hardware resources and guaranteed accuracy, it may be concluded that FPGA 

hardware has an added advantage over other environments like micro-controllers and DSPs for the 

real-time implementation of chaotic systems. As a next step, the hardware exercise presented here 

can be used for real-time implementation of various advanced control strategies for synchronization 

of chaotic systems. 

 
Table  1   Synthesis results and implementation performance of Lu¨, Liu and Arnedo chaotic systems 

 
Resources Chaotic Systems 

Lu¨ Liu Arnedo 

Total Logic Elements   
(%) 

7 8 7 

Total Combinational  
Functions (%) 

6 7 6 

Dedicated logic  
Registers (%) 

4 5 5 

Total pins (%) 40 40 40 

Total memory bits 
(%) 

1 1 1 

Embedded multiplier 
9-bit elements (%) 

16 14 22 

Total PLLs (%) 25 25 25 

Maximum Frequency  
( MHz) 

86.36 87.94 90.3 

 
Table 2 Synthesis results and implementation performance of Newton-Leipnik, Bhalekar-Gejji and Van der Pol chaotic 

systems 

 

Resources Chaotic Systems 

Newton Leipnik Bhalekar Gejji Van der Pol 

Total Logic Elements   
(%) 

9 8 5 

Total Combinational  
Functions (%) 

8 7 4 

Dedicated logic  
Registers (%) 

6 5 3 

Total pins (%) 40 40 40 

Total memory bits 
(%) 

1 1 1 

Embedded multiplier 
9-bit elements (%) 

22 16 19 

Total PLLs (%) 25 25 25 

Maximum Frequency  
( MHz) 

90.66 85.49 90.35 
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